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Burnside rings of fusion systems

Abstract

In this thesis, we study the relations between a saturated fusion system F on S and the
single and double Burnside rings, A(S) and A(S, S), of the p-group S. In particular, we
generalize the Burnside rings of groups to Burnside rings of fusion systems. The Burnside
ring of F is defined as the subring A(F) of A(S) consisting of the F-stable elements;
and similarly for the double Burnside rings.

We describe the algebraic properties of A(F), which is a free abelian group with one
generator per F-conjugacy class of subgroups. For a realizable fusion system Fg(G), we
also show how A(Fg(G)) relates to the Burnside ring A(G) of the group G.

Certain “F-characteristic” elements of the double Burnside ring A(S, S), play a spe-
cial role in relation to the saturated fusion system F. We prove their existence (and in
some cases uniqueness), and we review how to reconstruct a fusion system from a char-
acteristic element. Finally, we describe a one-to-one correspondence between saturated

fusion systems on S and certain idempotents of A(S,.S),).

Resumé

I dette speciale undersgger vi relationerne mellem et mettet fusionssystem F pa S
og de enkelte og dobbelte Burnside-ringe, A(S) og A(S,S), for p-gruppen S. Specielt,
vil vi generalisere Burnside-ringene for grupper til Burnside-ringe for fusionssystemer.
Burnside-ringen for F er defineret som delringen A(F) af A(S) der bestar af de F-stabile
elementer; og tilsvarende for den dobbelte Burnside-ring.

Vi beskriver de algebraiske egenskaber ved A(F), der er en fri abelsk gruppe med én
frembringer per F-konjugeretklasse af undergrupper. For et realiserbart fusionssystem
Fs(G), viser vi ogsa hvordan A(Fg(G)) relaterer til Burnside-ringen A(G) for gruppen
G.

I den dobbelte Burnside ring A(S, S) findes “F-karakteristiske elementer” der spiller
en serlig rolle i forhold til det meettede fusionssystem F. Vi beviser deres eksistens
(og i visse tilfzelde entydighed), og vi gennemgar hvordan man kan rekonstruere et
fusionssystem ud fra et karakteristisk element. Til afslutning beskriver vi en én-til-én-

korrespondance mellem mzettede fusionssystemer pa S og visse idempotenter i A(S, S) ).
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INTRODUCTION iii

Introduction

This thesis studies relations between a fusion system on a p-group S and the
single/double Burnside ring of S. In particular, we attempt to give a sensible gener-
alization of these Burnside rings to the fusion system — extending the work done by
Diaz-Libman in [DL09]. The thesis naturally falls into two parts, the first part con-
cerning the single Burnside ring, and the second part concerning the double Burnside
ring.

Burnside rings are completely algebraic structures, of algebraic interest, but arise
frequently in equivariant algebraic topology. The single Burnside ring A(G) of a finite
group G show up as the ring of equivariant pointed self-maps [SY, S V]E of the represen-
tation sphere SV — for a sufficiently large representation V. The Segal conjecture also
states that A(G)} = 72(BG), relating a suitable completion of the Burnside ring to the
stable cohomotopy of the classifying space. Similarly, the Burnside modules and double

Burnside rings relate to stable maps of the classifying spaces, A(G, H)} = {BG4, BH, }.

Overview

Part 1 begins with a review of properties of the Burnside ring A(G) of a finite group G,
and recall structural results concerning A(G) in relation to a prime p. Guided by this
insight, we make a generalization of Burnside rings to the context of saturated fusion
systems.

We define the Burnside ring A(F) of a saturated fusion system F' on S, as the subring
consisting of the F-stable elements in A(S). We prove that A(F) is a free abelian group
with one generator per F-conjugation class of subgroups; and we prove that A(F) has
several other properties similar to the Burnside ring of a group. We also show that for a
realizable fusion system Fg(G), the p-localized Burnside ring A(Fs(G))(p is isomorphic
to an appropriate subring of A(G) ).

Although this definition of a Burnside ring of a fusion system is quite natural, it has
not to our knowledge been studied systematically previously in the literature, although
the definition is mentioned in passing, e.g. in [Gell0).

At the end of part 1, we prove that the definition of the Burnside ring A(F) given
here, agrees with the Burnside ring defined by Antonio Diaz and Assaf Libman in [DL09],

when we restrict our view to the F-centric subgroups of S.
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Part 2 of this thesis concerns the double Burnside rings and Burnside modules. We
follow the general approach of [RS09], by Kari Ragnarsson and Radu Stancu, recalling
the double Burnside ring A(S, S) of a p-group S and how certain elements interact with
a fusion system on S.

We review the proof of Broto-Levi-Oliver, in [BLOO03], that there exist certain
“left /right/fully characteristic elements” in A(S,S) for a saturated fusion system F.
Using similar methods, and the theory developed in part 1, we then give a new proof
that A(S,S)(,) contains a fully F-characteristic idempotent — a result previously proven
in [Rag06] using the p-completion A(S, S)Q.

We also provide a counterexample to the claim in [Rag06] that A(S,S),) contains
at most one left characteristic idempotent for F — the uniqueness of fully characteristic
idempotents still holds however.

At the end, we review the constructions, from [RS09], giving a way to reconstruct
a saturated fusion system from a characteristic element. This leads us to the result by
Ragnarsson-Stancu that the saturated fusion systems on a p-group S are in one-to-one
correspondence with the fully characteristic idempotents in A(S, S) ).

On the road to this final correspondence, we define the double Burnside ring A(F, F)
in a way mimicking the definition of A(F). Using the characteristic idempotent wx for
F, we then describe a Z,-basis for A(F, F),). In [Rag06], Ragnarsson proves a relation
between the Burnside modules A(Fy, F2) defined in this thesis, and the homotopy classes
of maps [BF;,BF,] between the classifying spectra of the saturated fusion systems — a

result similar to the one for Burnside modules of finite groups.
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Conventions

Throughout this thesis, p denotes some prime number. We let .S denote a finite p group,
and F is a fusion system on .S. Many of the results require that F is saturated — and
either the introduction to a section or the individual results specify when this is the case.

We let G be a finite group with S as a p-subgroup. Unless otherwise mentioned,
we require that S is in fact a Sylow-p-subgroup of G. We let Ng(H, K) denote the
transporter in G from H to K

No(H.K) := {g € G| ¢;(H) < K};

where ¢, is the conjugation map c,(z) := gzg~' for g, € G. Conjugating g on a
subgroup H, we get either 9H := c,(H) = gHg™* or H9 := (c,)"Y(H) = g 'Hyg.

Autg(H) is the group of automorphisms of H < G induced by G-conjugation,
so Autg(H) := Ng(H)/Cq(H) is just the quotient of the normalizer by the central-
izer. We let Inn(G) := Autq(G) = G/Z(G) be the group of inner automorphisms; and
Outg(H) := Autg(H)/Inn(H) is the group of outer automorphisms induced by G on
H<A@G.

We use the symbol < to denote subgroups, submodules, subrings and so on, and <
then denotes a proper inclusion. We denote G-conjugation by H ~g K for subgroups
H,K < G; and if H is subconjugate to K, we write H 3¢ K (or H < K if |H| < |K]).

The rings considered in this thesis are not necessarily unital, i.e. they do not need to
have a 1-element/neutral element for the multiplication. Similarly a subring is just an
additive subgroup closed under multiplication. If for instance w € R is an idempotent,

then wRw is a subring of R which is unital with w as the 1-element.
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0 Fusion systems

The next two pages contain a incredibly short introduction to fusion systems without
proofs. The aim is to introduce the concepts from the theory of fusion systems that will
be used in the main parts of the thesis, and to establish the relevant notation concerning
fusion systems. For a proper introduction to fusion systems see for instance Part I of
“Fusion Systems in Algebra and Topology” by Aschbacher, Kessar and Oliver, [AKO10].

Definition 0.1. A fusion system F on a p-group S, is a category where the objects are

the subgroups of S, and for all P,@ < S the morphisms must satisfy:

(i) Every morphism ¢ € Morz(P, Q) is an injective group homomorphism, and the

composition of morphisms in F is just composition of group homomorphisms.
(ii) Homg(P, Q) € Morz(P,Q), where

HOHIS(P,Q) = {Cs | s € NS(Pa Q)}
is the set of group homomorphisms P — () induced by S-conjugation.

(iii) For every morphism ¢ € Morz(P, @), the group isomorphisms ¢: P — ¢P and
¢~ 1: P — P are elements of Morz(P, pP) and Mor (P, P) respectively.

We also write Homz (P, Q) or just F(P,Q) for the morphism set Morz(P, Q). Further-
more, the group F(P, P) of automorphisms is denoted by Autz(P); and we define the
outer F-automorphisms as Outz(P) := Autxz(P)/Inn(P).

Example 0.2. Let .S be a p-subgroup of a finite group G. The fusion system of GG over
S, denoted Fg(G), is the fusion system on S where the morphisms from P < StoQ < S

are the homomorphisms induced by G-conjugation:

Homzy(q) (P, Q) := Homg(P, Q) = {c, | g € Na(P,Q)}.

Unless otherwise mentioned, we only consider Fg(G) in the case where S is a Sylow-p-
subgroup of G.

The smallest fusion system on S, is the fusion system Fg(S) consisting only of
the homomorphisms induced by S-conjugation. We write Fg as shorthand notation for
Fs(S).
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Definition 0.3. Two subgroup P,Q < S are said to be F-conjugate, written P ~r @,
if there exists an F-isomorphism ¢: P — @, i.e. a map ¢ € F(P,Q) which is a group
isomorphism.

F-conjugation is an equivalence relation, and the set of F-conjugates to P is denoted
by [P] £ or just [P]. The set of F-conjugacy classes of subgroups in S is denoted by C'(F).

Since all S-conjugation maps are in F, a conjugacy class [P]z can be partitioned
into the disjoint S-conjugacy classes of subgroups @ € [P]z. We write P ~g @ if P and
@ are S-conjugate, the S-conjugacy class of P is written [P]g or [P], and we write C(.S)
for the set of S-conjugacy classes of subgroups in S.

We say that @Q is F- or S-subconjugate to P if () is respectively F- or S-conjugate
to a subgroup of P, and we denote this by @ <z P or @ =g P respectively.

Remark 0.4. Suppose F = Fg(G). We then have Q@ =z P if and only if @ is
G-conjugate to a subgroup of P; and the F-conjugates of P, are just those G-conjugates

of P which are contained in S.

Definition 0.5. A subgroup P < S is fully F-normalized if |[NgP| > |NgQ)| for all
Q € [P]r; and P is fully F-centralized if |CsP| > |CsQ)| for all Q € [P]£.

Definition 0.6. A fusion system F on S is called saturated if the following properties
are satisfied for all P < S:

(i) If P is fully F-normalized, then P is fully F-centralized, and Autg(P) is a Sylow-
p-subgroup of Autz(P)).

(ii) Every homomorphism ¢ € F(P,S) where ¢(P) is fully cal F-centralized, extends
to a homomorphism ¢ € F(N,, S) where

Ny, :={x € Ng(P) |3y e S: pocy =cyop}

Proposition 0.7 (JAKOI0, Theorem 2.3]). If S € Syl,(G), then Fs(G) is saturated.
In particular, Fg is always saturated.
Saturated fusion systems on the form Fg(G) are called realizable, and other saturated

fusion systems are exotic.

Lemma 0.8 ([AKOI10, Lemma 2.6(c)]). Let F be saturated. Suppose that P < S is fully
normalized, then for each Q € [P|r there exists a ¢ € F(NgQ, NgP) with ¢(Q) = P.
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1 (Single) Burnside rings

1.1 The Burnside ring of a group

This section contains a short introduction to the Burnside of a group and how the

Burnside ring embeds as a subring in a suitable product ring [ ] Z.

Definition 1.1.1. The isomorphism classes of G-sets form a free commutative monoid
with disjoint union as the addition, and the transitive G-sets as generators. Let A(G)
be the Grothendieck group of this monoid.

We define a product in A(G) by putting X - Y := X x Y for G-sets X and Y
and then extending bilinearly. This works since the Cartesian product distributes over
disjoint union. The resulting ring A(G) is called the Burnside ring of G. If confusion
with the “double Burnside ring” introduced in part [2] is possible, we might use the term
“single Burnside ring” to emphasize the difference between the two types of Burnside

rings.

Remark 1.1.2. Let C(G) be the set of conjugacy classes of subgroups in G.

The Burnside ring A(G) is a free Z-module with one basis element [H| for each
conjugacy class [H] € C(G). The basis element, [H] or [H]q, is simply the isomorphism
class of the transitive G-set G/H.

The multiplication in A(G) can be described for the basis elements via the following

the double coset formula

H]-[K]= > [HN"K] (1.1)
TEH\G/K

The Burnside ring A(G) of a group G is unital, with [G] a the 1-element.

Definition 1.1.3. For each [H] € C(G), we let ¢jg): A(G) — Z be the homomorphism
sending X € A(G) to the [H]-coefficient of X (when written in the standard basis of
A(G)). Hence we have
X = Z C[H](X) : [H]
(H]eC(G)
for all X € A(G). For a G-set X, cg1(X) is the number of orbits in X whose stabilizer

subgroups are conjugate to H.
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Definition 1.1.4. For every G-set X and H < G, we let ®)(X) := | X*| be the
number of H-fixed-points (which depends only on the conjugacy class of H). Since we
have

(X uY)H| = X"+ |y¥

, and (X xY)H|=|X"]. YT
for all G-sets X and Y, the map ®() extends to a ring homomorphism ®(g): A(G) — Z.

Lemma 1.1.5. Let H, K < G. Then

(1) =

In particular @ ([H]) # 0 if and only if K J¢ H.

Proof. We count the z € G such that Z € (G/H)!. On one hand there are |H|- @) ([H])
such elements, since every coset of G/H has |H| elements. On the other hand, we have
vH ¢ (G/H)X if and only if ka H = zH, i.e. x~'kx € H, for all k € K; so the elements

we are counting are precisely all  where 27! € Ng(K, H). O

i @1

Definition 1.1.6. Let ® = ®%: A(G)
phism with @) as the [H]-coordinate. We call ® the homomorphism of marks for
A(G).

For an element f € H[H}GC(G) Z, we denote the [H]-coordinate of f by fip).

H[H]eC(G) Z be the ring-homomor-

Proposition 1.1.7. The homomorphism ® is injective and hence embeds A(G) as a
subring of Q(G) = H[H}ec(G)Z. Furthermore, we have the following isomorphism of
Z-modules:
coker® = [ (Z/|WeH|Z),
[H]eC(G)
where WgH is the quotient WgH := NgH/H.

Proof. We choose some total order of the conjugacy classes [H] € C(G) such that
|H| > | K| implies [H] < [K]. In then holds in particular that K =g H implies [H] < [K].

We then consider the matrix M describing ® in terms of the ordered bases of A(G)
and Q(G). Since Mg 1m) = Pk ([H]) is zero unless H ~ K or |H| > |K|, we conclude

that M is a lower triangular matrix. The diagonal elements of M are

_|Ne(H)|

My = B ([H]) = =77 = [WeH].

All the diagonal entries are non-zero, so ® is injective. Furthermore the cokernel satisfies

coker® =[] (Z/MmmzZ) = [] (Z/IWeH|Z).
[H)eC(G) [H]eC(G)
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Definition 1.1.8. We define the obstruction group Obs(G) = [Imec(q)(Z/ IWeH| Z).
The following theorem then gives an explicit description of Obs(G) as the cokernel of ®.

Theorem 1.1.9 ([Yos90, Proposition 2.9]). Let ¥: Q(G) — Obs(G) be given by the

[H]-coordinate functions

Vi (f) = Y fugm (mod |WeH]).

geEWgH

The following sequence of Z-modules is then exact:
0— AG) 2 QG) L 0bs(G) — 0.

Proof. From proposition we already know that ® is injective , and that |coker ®| =
im, WeH].
We factor U as

11z ¥, [Iz= ] @/ 1weH|Z),
[H] [H]

[H]eC(G)

where 7 is the canonical surjection and U is given by

Vi (f) == Y figm

gEWeH

Let M be the matrix corresponding to U — where we order the conjugacy classes
[H] € C(G) as in the proof of [.L1.7} Then M is a lower triangular matrix with only
1’s in the diagonal, so U is surjective; hence we conclude that V¥ is surjective as well.
Both ®(A(G)) and ker ¥ have index in Q(G) equal to im, IWGH]; so to show that
®(A(G)) = ker V¥ it is enough to show U@ = 0. For every G-set X € A(G) we have

V(@X))m = ), Pgm(X)
geEWgH

-y ‘X@H‘

geEWgH

- 3 jey

geEWgH
= |WeH| [WeH\X"|
=0 (mod |WgH])

by the “orbit-counting formula”! when WgH acts on X 7. This shows that ¥(®(X)) = 0
for all G-sets X € A(G), and thus also for the rest of the elements in A(G). O

! Also known as: “Burnside’s lemma”, “the Cauchy-Frobenius lemma”, “the lemma that is not Burn-
side’s” and more. . .
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Corollary 1.1.10. Since Z,) @ — is ezact, we still have a short-exact sequence when

we p-localize:

P ¥(p)
0— A(G)(p) — Q(G)(p) E— ObS(G)(p) — 0.

As Zy)-modules, we have A(G) ) = ©(p), L) and Obs(G) () = H[H]G Ly IWeH|, Z)
where |WgH]p is the order of a Sylow-p-subgroup of WgH; and as rings we have

UG ) = Himg Zw)-

1.2 The p-subgroup Burnside ring

The fusion system of a group G models the structure that G induces on a Sylow-p-
subgroup. If we hope to generalize the concept of Burnside rings to fusion systems; it is
therefore natural to first restrict our view to the p-subgroups of a group . This leads

to the subring A(G, p) of G-sets where all stabilizer subgroups a p-groups.

Definition 1.2.1. Let S,(G) be the collection of p-subgroups of G. We define A(G;p)
to be the submodule of A(G) generated by the basis elements [P] where P € S,(G).
Alternatively, A(G;p) is the submodule generated by the G-sets where all stabilizer
subgroups are p-groups.

Since Sp(G) is closed under taking subgroups, the double coset formula gives
that A(G;p) is closed under the multiplication; so A(G;p) is a subring of A(G), and we
call it the p-subgroup Burnside ring of G.

We also define C(G;p) as the set of G-conjugacy classes of S,(G); and we define the

product ring Q(G;p) = H[Q]EC(G;p) Z.

Remark 1.2.2. The p-subgroup Burnside ring A(G;p) is not necessarily unital — the
1-element of A(G), [G]g, is only in A(G;p) if G is a p-group. However, we will later
show that the p-localization A(G;p)(,) has a 1-element; and A(G;p)(,) also turns out to
depend only on the fusion system Fg(G) where S € Syl,(G) (see [1.4.7).

Proposition 1.2.3. Let ® = ®%P: A(G;p) — Q(G;p) be given by

e([P)q = q([P)) = (G/P)?| = WGFJS"P)'

on the basis elements of A(G;p). We call ® the homomorphism of marks for A(G;p),

and ® is an injective ring-homomorphism with

coker® = [ z/[WeQ|Z.
[QIeC(Gsp)

Proof. Let ®%: A(G) — Q(G) be the ring-homomorphism from proposition then
& restricts to a ring-homomorphism ®¢: A(G;p) — Q(Q).
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Let [P] € C(G;p). Whenever H is not a p-subgroup, we have H Zg P, and con-
sequently <I>[GH]([P]) = 0 per lemma It then follows that ®“(A(G;p)) is actually
contained in the subring H[Q]eC(G;p)Z < Q(G) So ®¢ simply induces the injective
homomorphism ®: A(G;p) — Q(G;p) by setting

)

Pig)([P]) := @ ([P]) = [(G/P)?

for all p-subgroups P, Q < G.

We order the conjugacy classes [P] € C(G;p) by decreasing order of P (as in the
proof of proposition . The matrix M associated to ® is then a lower triangular
matrix with diagonal entries Mp) p) = |WgP| which are non-zero. It follows that the
cokernel is

coker® = [ 2Z/WeQ|Z. O
[QIeC(Gip)

Definition 1.2.4. We define the (p-localized) obstruction group

Obs(Gip)y == ] Zw/IWal, Zy.
[QleC(G;p)

. G; ~ .
We also define the homomorphism V¥ ,,) = \If(p)p - Q(G; p)(p) — Obs(G;p)(p) given by

Voy(Nig = Y, figq (mod [WeQ),),

9€e(WeQ)p

where (WgQ), is some Sylow-p-subgroup of W@ and ]WGQ]p is its order.

Let Q ~g Q. Any Sylow-p-subgroup of W@ then corresponds to a Sylow-p-subgroup
S of the normalizer NC;@, because @ is a p-group. Since Ngé ~a Ng@, we get that S is
G-conjugate to all S € Syl,(NgQ). It follows that the definition of \I/(p)(f)[é]a doesn’t
depend on the choice of @ € [@]¢g or the choice of Sylow-p-subgroup of Ws@.

Theorem 1.2.5 ([Yos90, Theorem 3.10]). We have a short-exact sequence

) Q) 5, Y (p) )
0 — A(G;p)p) — UG;p) () — Obs(Gip) () — 0.

Proof. The homomorphism @, is injective since ® is, by proposition As in the
proof of theorem m, Ty
with all 1’s in the diagonal.

) is surjective since it is represented by a triangular matrix

When localizing ® we get that

COkeI‘((I)(p)) = COkeI‘((I))(p) = H Z(p)/ |WgQ|p Z(p)

[QIeC(G:p)
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We conclude that @, (A(G;p)(,)) and ker ¥, both have index in QG; p)(p equal to
[1ig WeQ,; so it suffices to show W, ®(,) = 0. For every G-set X € A(G;p)(,) we get

V(@) (D)o = D [x99
geWeQ)p

= |(WeQ)y| - [(We@)p\X?| =0 (mod |[WeQ),)

by the “orbit-counting formula” as in the proof of It follows that W, ®(,) =0, so

the sequence is exact. O

1.3 Two quick lemmas

Here follows two quick homological algebra lemmas needed in the following sections.

Lemma 1.3.1. Assume that we have the following commutative diagram of modules

over a commutative ring R:

¢ v

0 A © B C 0
o’ v’

0 A’ S B’ c’ 0

where the rows are short-exact sequences.
Then p is injective if and only if A’ = AN B’ as submodules of B.

Proof. Let v := p®' = ®a. We always have yA' < ®AN BB, ie. A/ < AN B as
submodules of B; so we have to prove that p is injective if and only if PAN BB < yA'.
We first assume that p is injective, and let b € ®A N BB’ be arbitrary. Then there

are a € A and I/ € B’ with ®a = 8V’ = b. By commutativity and exactness, we have
pU'Y = U3 = ¥da =0,

so V'Y = 0. Hence there exist a’ € A’ such that ®a’ = ¥/, from which it follows that
b=n~d.
Assume now that ®A N BB < vA', and let ¢ € ker p. There exist ¥’ € B’ with

V'Y = /; and by commutativity we get
Ve = pW't = pc’ = 0.

Exactness then gives an a € A with ®a = V. It follows that 8 € AN BB < yA/,
so there is an a’ € A with ya’ = BU/. By injectivity of 3 we have b’ = ®'a/, hence
d=9'dad =0. ]
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Corollary 1.3.2. Let A, B < M be R-modules; and let S C R be a multiplicative system.
Then STY(ANB)=S"1ANS'B.

In particular, this holds for Z-modules and p-localization.

Proof. Consider the following commutative diagram with short-exact rows:

0 A © M C 0
I
0——> ANB ¢ B c’ 0

Lemma then says that p is injective. Since the S~1(—)-functor is exact, the result
follows if we apply S~1(—) to the diagram and then use lemma in reverse. O

Lemma 1.3.3 (Generalization of idea in [DLO09]). Let B be a product ring [[ycp Zp),

and let A < B be a subring. Assume that we have a short-exact sequence
0—-A—-B—-C—0

of Zyp)-modules, where C' is finite (hence C is a finite abelian p-group).

In that case, any element o € A which is invertible in B, is invertible in A as well.

Proof. Multiplikation with « gives a map of the short-exact sequence to itself:

0 A B C 0
fo o
0 A B C 0

Since « is invertible in B, the map B -% B is an isomorphism. Using the surjectivity
part of the five lemma, it follows that p is surjective. Since C' is finite, we conclude that
p is in fact an isomorphism. With another application of the five lemme we see that

A % A is an isomorphism as well, hence o must be invertible in A. O

1.4 The Burnside ring of a fusion system

Whenever we have a homomorphism ¢: G — H, we can make any H-set X into a G-set
by letting G act through ¢, i.e. by defining g - x := ¢(g)z. However, when we consider
a conjugation map cg,: G — G and a G-set X, it doesn’t matter whether we let G act
by the action given on X, g -z := gz, or we let G act through the conjugation map,
G- := cg,(g)x. The orbits of the two actions are the same, and we just conjugate the

stabilizer subgroups into each other.



10 1.4 THE BURNSIDE RING OF A FUSION SYSTEM

This turns out to be the key of describing how A(G,p)qy embeds into A(S),),
because any G-set in A(G,p),) is unchanged whether we act through some G-induced

map or not.

Definition 1.4.1. Assume that S € Syl,(G). Every G-set is then also an S-set by
restricting the action. This induces a ring-homomorphism A(G) — A(S), and in partic-
ular we get the ring-homomorphism r: A(G;p) — A(S5).

If P,Q < S are conjugate in S, then they are conjugate in G. We therefore have
a well-defined map i: C'(S) — C(G;p). Since every p-subgroup of G is conjugate to a
subgroup of S, we conclude that 7 is in fact surjective. The map i: C(S) — C(G;p) then
induces a ring-homomorphism

it H 7 — H Z

[QIeC(G:p) [QleC(95)

which is injective since ¢ is surjective.

Theorem 1.4.2. If S € Syl,(G), then the short-exact sequences from corollary|1.1.10)
and theorem fit together in a commutative diagram of Z,)-modules:

) Vi)
P ~ P
0 —— A(S)(p) _— Q(S)(p) ObS(S)(p) — 0
A
r i P
(p)J (I)G;p (p)] \I,G;p !

r = (p)
0 — A(G;p)py —— Q(G;p)(p) — Obs(G;p)y —> 0

The induced homomorphism p is injective, and A(G;p) ) = Q(G’;p)(p) N A(S) ) when

considered as subrings of Q(S)(p).

Proof. Let [X]g € A(G;p) be the isomorphism class of a G-set X; and let [X]g be the

corresponding isomorphism class of X as an S-set. Then

% (r([X]a)qs = ©°([X]s)ig1s = | X?| = 2“7([X]a) (0] = " (2“P([X]a))q)s

for all subgroups @ < S, and hence ®°(r([X]g)) = i*(®%P([X]q)). It follows that
®% o r = i* o &P which also holds when p-localizing; and thus the left square of the
diagram commutes. Since ®P and i* are injective, we also conclude that r: A(G;p) —
A(S) is injective.

The induced map p: Obs(G;p) () — Obs(S)(p) given by

P(UCP(f)) =W (it (£))

is obviously well-defined by short-exactness and the fact that the diagram’s left square

commutes.



1.4 THE BURNSIDE RING OF A FUSION SYSTEM 11

Assume that f € Q(G;p)(p) satisfies p(\Ilg;)p(f)) =0 and let [Q] € C(G;p) be arbi-
trary. Let N € Syl,(Ng@), then N is conjugate to some subgroup N = 9N contained in
S since S € Syl,(G). Furthermore, N is a Sylow-p-subgroup of Na(9Q)). We let Q = 9Q.
and thus have @ < N < S. We also get N = NS(@), since N € Sylp(Ngé).

By assumption \Iffp ) (iz‘p)( f)) = 0, which implies

@S (4% _ N2
0= W0, (ily(Mig = D figq (mod ‘N/Q‘)
SEN/Q
since Wg@ = N/@
Because @ is a p-group and N € Sylp(Ngé), it follows that ]V/QV is a Sylow-p-
subgroup of Sylp(Wgé). The value of WP (f)ig)e doesn’t depend on the choice of

~ (») 2
Q € [Q]g or the choice of Sylow-p-subgroup of Ng@ (see definition ; so we get that

G; _ TN
VP Nige = Y. Jiwa =0 (mod [N/Q)).
9EN/Q
Since [Q] € C(G;p) was arbitrary, we thus get \Ilg;)p(f) =0, so p is injective.
Application of lemma [1.3.1) then gives A(G;p)(,) = Q(G;p)(p) N A(S)(p) as subrings
of Q(S5) ) O

Lemma 1.4.3 (|Gell0, Proposition 3.2.3]). Let X € A(S) be an S-set. For any
© € F(P,S) we let %X denote X considered as a P-set with action p - x := p(p)z. By
linear extension, this gives a homomorphismry: A(S) — A(P), and we let $X = ry(X)
for X € A(S) in general. For the inclusion incl: P — S we use the shorthand notation
pX =ndlX.

The following are equivalent for any S-set X :

(i) ‘XP‘ = ‘XQ‘ for all pairs P,Q < S with P ~x Q.
(i) |XT| =|X¥F| for all o € F(P,S) and P < S.
(iit) [pX]| = [pX] in A(P) for all p € F(P,S) and P < S.
(iv) The P-sets 72X and pX are isomorphic for all ¢ € F(P,S) and P < S.
For a general element X € A(S), the conditions translate to:
(i) ®1p)(X) = @(q)(X) for all pairs P,Q < S with P ~r Q.
(i) @(p)(X) = ®,p|(X) for all p € F(P,S) and P < S.
(iti)) pX = %X in A(P) for all ¢ € F(P,S) and P < S.

X € A(S) is called F-stable if it satisfies these properties.
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Proof. For an S-set X, follows directly from the definition of the Burnside
ring A(P).
Let ®F: A(P) — Q(P) be the mark homomorphism for A(P), then @ﬁu (pX) =
P()(X) for all R < P.
By the definition of the P-action on %X, we have (ﬁX)P = X%P for any S-set X.
This generalizes to
Ol (5X) = Pppy (X)

for general X € A(S).
Assume Then we immediately get

Op)(X) = Oy (pX) = O/ (5X) = @ppi(X)

for all P < S and ¢ € F(P,S); which proves |(ii1)={(ii)|
Assume . Let P < S and ¢ € F(P,S). By assumption, we have ®,(X) =
®(g)(X) for all R < P, hence

Ol (5X) = oL (5X) = Pur(X) = Py (X) = Bl (pX).

Since ®F is injective, we get 5 X = pX; so |(ii)={(iii)
Finally, we have |(i1)k={(i)| for all X € A(S), because the Q < S with @ ~z P are
precisely the images of maps ¢ € F(P,S). O

Remark 1.4.4. The product ring Q(G; p) (p) 18 the subring of Q(S)
[ where fip] = f|g) whenever P and () are G-conjugate.

The last part of theorem can then be rephrased as: An element f € fNZ(S)(p)
is in the p-localized Burnside ring A(G;p),) if and only if f € A(S)(,) and fip) = fig
for all pairs P,@ < S that are G-conjugate. L.e. A(G;p)(y) consists of the Fg(G)-stable
elements of A(S),)-

The ring A(G;p)(p) therefore only depends on the G-fusion in S; and this gives rise

) consisting of those

to the following definition of the Burnside ring of a fusion system F.

Definition 1.4.5. Let Q(F) := Iigiec(r) Z; and the map i: C(S) — C(F) sending
[Q]s — [Q]F is well-defined and surjective, so it induces an injective ring-homomorphism
i*: Q(F) — Q(S). The ring Q(F) is simply the subring of €2(S) consisting of the f € Q(S)
where fip) = fig) whenever P ~z Q. In the case F = Fg(G), these definitions are
identical to Q(G;p) and i* from definition m

We define the Burnside ring of F, written A(F), to be the intersection A(S)NQ(F) in
Q(S). In other words, A(F) consists of the F-stable elements of A(S), i.e. the f € Q(S)
such that f € A(S) and fip] = flg) for all pairs P ~z Q. The Burnside ring A(F) is
unital, since the 1-element [S] of A(S) is F-stable.
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Definition 1.4.6. Let ®7: A(F) — Q(F) and 7: A(F) — A(S) be the inclusions. We

then get a commutative diagram with short-exact rows:

oS Ve

=)
=

0 — A(S) Obs(S) —> 0

A
r] Z*] P
J

FooL
0 —— A(F) 2., Q(F) — coker @ — 0

The induced map p is injective because A(F) = Q(F) N A(S).
Corollary 1.4.7. Assume F = Fg(G). Then A(G;p) < A(F), and when p-localizing:
A(F)p) = A(G;p)p) as subrings of Q(S) -

Proof. We know that ®%: A(G;p) — Q(G;p) is injective, and Q(G;p) = Q(F).
Furthermore r: A(G;p) — A(S) is injective by the proof of theorem [1.4.2} so
A(G;p) < QG;p) NA(S) = A(F) as subrings of Q(S).

Corollary gives us that

A(F) ) = UF) () VAS) )3

D)

and since Q(F) ) = Q(G; p) (p)» the result then follows from theorem O

1.5 The structure of the Burnside ring A(F)

By definition, the Burnside ring A(F) is a subring of the product ring Q(F). In this
section we investigate this embedding, and we arrive at a result, similar to theorems
and describing the image of A(F) as it embeds in Q(F).

These result however all require that the fusion system F is saturated — except for

the very first remark. So we assume that F is saturated throughout the section.

Remark 1.5.1. The Burnside ring A(F) is a subring of Q(F) = Higec# Z, so in
particular A(F) is a free Z-module of rank at most |C(F)|, which is the number of

F-conjugacy classes of subgroups in S.

Lemma 1.5.2 ([BLO03, Lemma 5.4]). Let H be a collection of subgroups of S such that
H is closed under taking F-subconjugates, i.e. if P € H, then Q € H for all Q S P.
Assume that X € A(S) has the property that ®(p)(X) = ®p1(X) for all pairs P~z P',
with P,P' ¢ 'H.

Then there exists an element X' € A(F) < A(S) satisfying ®(p)(X') = @(p|(X) and
cp|(X') = ¢p(X) for all PEH, P<S.
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Proof. We proceed by induction on the size of H.

If H = (), then we have X € A(S) N Q(F) = A(F) be assumption.

Assume that H # (), and let P € H be maximal under F-subconjugation as well as
fully normalized. We define H' := H \ [P]r; then H’ again contains all F-subconjugates
of any H € H'.

Let P ~z P. Then there is a homomorphism ¢ € Homg(NgP’', NgP) with
@(P') = P by lemma since F is saturated. The restriction of S-actions to p(NgP')
gives a ring homomorphism A(S) — A(¢(NgP’)) that preserves the fixed-point homo-
morphisms @) for @ Zs w(NsP'). For X € A(S), we then have wrWNsP) (D (X)) = 0.

In particular, \II%NSP/)(QJ(X)) =0, so

> Puyp(X)=0 (mod |p(NsP')/P]).
EEcp(Nsp’)/P

From the assumption, we have ®(g)(X) = ®(g(X) for all Q@ ~r Q" with Q =7 P.
Specifically, we have

Plp((s) ) (X) = sy (X)
for all s € NgP' with s & P’. It then follows that
D (X) = Ppp(X) = > Pyp(X) = Y Pyp(X)
5€o(NsP')/P SENgP' /P!
=0-0 (mod |WsP'|).
We can therefore define Ajpy := (®(p|(X) — @p(X))/ |[WsP'| € Z.
Following that, we set

X=X+ Y Apj-[P]eA(S).
[P]sClPl

We obviously have c[Q}()Af) = ¢i(X) for all Q ¢ H, since P’ € H for all P/ ~5 P.
Because g ([P']) = 0 unless Q Zs P, we see that @ (X) = D) (X) for every

Q ¢ H. Secondly, we calculate ®(p(X) for each P’ ~7 P:
‘I)[p/]()?) = q)[p/}(X) + Z /\[13] . (I)[p/}([]g])
[PlsCIP)#
= @p(X) + Ay @ppr([P]) = @1 (X) + Appr
= Qpj (X);

WsP'|

which is independent on the choice of P’ € [P]r.

By induction we can then apply the lemma to X and the smaller collection H’. We
get an X' € A(F) with ®g(X’) = ®yg)(X) and cg)(X’) = ¢ig)(X) for all Q ¢ H'. In
particular, we have ®(g(X') = @ (X) = D (X) and ¢y (X') = ¢jg (X) = ci)(X) for

all Q € H. O
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Proposition 1.5.3. For each [P] € C(F), there is an element ap) € A(F) such that
(i) @(qg(aip) =0 unless Q ZF P.
(i) ®(p)(ap)) = [WsP| when P is a fully normalized representative of [P]r.

The oyp)’s are linearly independent, and Span{a(pj}pjec(r) has index [ pjccx) [Ws P
in Q(F) where each chosen representative P of [PlF is fully normalized.

Proof. Let P < S be fully F-normalized. We let X € A(S) be the S-set

NgP
X= > ’NSP/‘-[P']EA(S).
[P]sC[Pl#

X then satisfies that ®(g)(X) = 0 unless Q s P’ for some P’ ~r P, in which case
we have Q =<z P. For all P',P € [P]r we have @[ﬁ]([P’]) = 0 unless P’ ~g P; and
consequently
_ INsP| _ INsP|
|NsP| [NsP'|
Let H := {Q < S| Q <7 P}, then &1 (X) = @ (X) for all pairs Q ~# Q" not in H.
Using lemma we get some ap) € A(F) with the required properties.
Consider the map ®: Span{ap|}pjec(r) — Q(F) and order the conjugacy classes

Pp(X) ®(p ([P]) | WsP'| = |WsP|.

[P]£ by decreasing order of P. Then ® is represented by a lower triangular matrix M
with non-zero diagonal entries M|p) p) = |[WsP| (where P is fully normalized). O

Corollary 1.5.4. We have rank A(F) = |C(F)|, and

‘coker@f‘g H |Wg P
[PleC(F)

where each chosen P is fully normalized.

latter has smaller index in €(F). In particular the index of A(F) in Q(F) is finite, so
rank A(F) = rank Q(F). O

Proof. This follows from proposition since Span{apj}iplec(r) € A(F), so the

Definition 1.5.5. We define the obstruction group

Obs(F):= ] (z/WsP|Z),
[P]EfC(f)
P fn.

where 'f.n.” is short for 'fully normalized’.
When P’ ~x P where P, P’ are both fully normalized, then NgP’ ~# NgP by lemma
For all f € Q(F) we therefore have

\Ifﬁy](f) = Z Tisyp) = Z fus)py :‘Pﬁﬂ(f)'

s5eWg P’ s€eWsP
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We now choose a specific fully normalized representative P for each F-conjugacy class
[P] € C(F). Let w: Obs(S) — Obs(F) be the canonical projection discarding all coordi-
nates except for the coordinates corresponding to the chosen representatives. We then
define

U Q(F) S 0S) X5 0bs(S) & Obs(F).
For all f € Q(F) the [P]-coordinate map is given by

Ulp () =V (F) = > figp (mod [WsPJ),
seWgP

when P is the chosen representative. However, as described Sarlier, ‘Ijﬁp}( f) doesn’t
depend on the choice of fully normalized P € [P]r when f € Q(F). Hence the homo-
morphism U7 doesn’t depend on the chosen representatives (as long as they are fully
normalized).

As in the proof of theorem U7 is represented by a lower triangular matrix with

only 1’s in the diagonal; hence W7 is surjective. We thus get a commutative diagram:

0 48— a05) —2s Obs(s) —— 0
] o7 ZJA vr l

0 — A(F) Q(F) —> Obs(F) — 0
The bottom row isn’t a priori exact at Q(]—' ), but the following theorem tells us that this

is the case.
Theorem 1.5.6. The following sequence of Z-modules is short-exact:
oF ~ oF
0— A(F) — Q(F) — Obs(F) — 0.

Proof. The only place where we don’t know exactness already, is at Q(J—" ).
If m: Obs(S) — Obs(F) is the projection chosen earlier, then

Uo7 = 70907 = 700 = 0

by exactness in theorem [1.1.9
From &7 (A(F)) < ker U7 as well as corollary we then get

[ WsP| =|0bs(F)| = ‘ﬁ(]—") :ker\Iff‘

[PleC(F)
P fn.

< ‘Q(}") : qsf(A(f))] — |eokerd”| < [ WsP).

[PleC(F)
P fn.

This is only possible if ker &7 and ® (A(F)) have the same index in Q(F); and thus
we conclude ker U7 = &7 (A(F)). O
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Corollary 1.5.7. We have the following commutative diagram of Z-modules:

06— AS) -2 a(5) —Ls Ohs(8) —— 0

1,

Foo_ F
0 — A(F) —2 s Q(F) —2 s Obs(F) — 0

The rows are short-exact, and the induced map p is injective.

Proof. The short-exact sequences come from theorems [1.1.9] and [T.5.6, The homomor-
phism p is injective by lemma since A(F) = A(S) NQ(F) by definition. O

1.6 The p-localized Burnside ring A(F)(p)

We now consider the p-localization of the Burnside ring, A(F),). This enables us to give
more detailed variations of results from the previous section; and we construct a basis
for A(F)p) which corresponds to the basis of A(G;p)(,) in the realizable case.

As in the previous section, all results require that F is saturated. We also let & and

U denote the p-localizations ®(,) and V().

Observation 1.6.1. Assume that F = Fg(G), and consider the basis element
([G/S] € A(G;p)p) = A(F))- Since S is a Sylow-p-subgroup of G, |G/S| is coprime
to p. For every P < S, we then have

op)([G/S]) = [(G/9)F| =|G/S| £0 (mod p)

since P is a p-group.

The element [G/S] € A(F)p) is thus invertible in ﬁ(f)(p),
A(F)(p) according to lemma (1.3.3 For each [P] € C(F), we set Bjp) := % € A(F) -
Because the [G// P]’s are basis of A(G;p)(p) = A(F)(p), and [G/S] is invertible, it follows
that the fip)’s are another basis of A(F)).

For all @, P < S, the centralizer C¢(Q) acts freely on Ng(Q, P) from the right. The
orbits just correspond to the morphisms of F(Q, P), so we have |[Ng(Q, P)| /|Cc(Q)| =
INa(Q, P)/Cc(Q)] = |F(Q, P)|. The [Q]-coordinate of the basis element ((p| is then

equal to

hence it is also invertible in

2[G/P)) _ ING(Q.P)|-|S| _ |F(Q.P)| -S|
dio((G/5) ~ |P-INa(@:9)| ~ [Pl IF(@.9)]

D1 (Brpy) =

which only depends on the fusion system F and not on G.
The Bip)’s defined by ®(q)(8(p)) := % are thus a basis of A(F),) depending
only on the fusion system itself. We have proven this for realizable fusion systems, so we

might hope that a similar definition works for saturated fusion systems in general.
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Lemma 1.6.2. Let P < S be fully F-normalized. Then |[P]r| = % -k, where p1k.

FEquivalently, |F(P,S)| = % k', with pt k', when P < S is fully F-normalized.

Proof. We have |F(P,S)| = |Autz(P)| - |[P]F| for all P < S. When P is fully

F-normalized, we furthermore have

|Autz(P)| = |Autg(P)|- k" = % K

where p { k" since F is saturated. It follows that the two statements in the lemma are
equivalent for P < S fully normalized.
We proceed by induction on the index |S : P|. If P = S, then |[S]£| =1 = % - 1.
Assume P < S fully normalized; since P # S, we then have P < NgP. The
F-conjugacy class [P]r is a disjoint union of the S-conjugacy classes [Q]s where Q ~z P.

The S-conjugacy class [Q]s has |S| / |[NsQ)| elements; and i A‘,i‘@ is divisible by ; 1\|f§|P| since

P is fully normalized. In particular, % divides |[P]#].
|,

|§|P| = 0 (mod p) whenever Q ~x P isn’t fully nor-

Furthermore, we have |[Q]g|
malized. It follows that

NgP NgP
P - s s RSP
EI.- s
sCIPlF
NgP 1 |NsP
= > st T = e [T (mod ),
" ] ]
sC[PlF
Q f.n.

where [P]58 is the set of @ ~# P which are fully normalized. We conclude that |[P]z| =
% -k, with p 1 k, if and only if |[P]E2| = % K, with p{ k.

Let @ ~x P be fully normalized. Since P is fully normalized, we have a homomor-
phism ¢ € F(NsQ, NsP) with ¢@Q = P by lemma and since Q is fully normalized,
@ is an isomorphism. It follows that every @ € [P]g':“' is a normal subgroup of exactly
one element of [NgP]x, namely Ng@ € [NgP|r.

Let K ~x NgP. We let [P]f_-K denote the set of Q) ~x P such that Q<K. Any Q<K
is in particular fully normalized since | K| = |NgP|. Any F-isomorphism NsP — K gives
a bijection [P]2VsF = [P]2K.

The set [P]5" is thus seen to be the disjoint union of the sets [P]3* where
K ~7 NgP, and these sets all have the same number of elements as [P]f_-N sb,

Let K ~x NgP be fully normalized, then there is some Q € [P]}]K. We have Q ~5 P,
and @ is fully normalized with Ng() = K which is itself fully normalized. By letting Q)
take the place of P, we can therefore assume that NgP is fully normalized.

Any two elements Q, R € [P];NS P are mapped Q = R by some F-automorphism of
NgP (since NgP is the normalizer of both QQ and R); hence Autz(NgP) acts transitively

on [P]JﬁNSP. Let X < Autz(NgP) be the subgroup stabilizing P under this action; so

‘ [P];]_NSP

= |AutF(NsP) : X|.
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The number of elements in [P]5 is then equal to

= |[NsP]#| - |Autr(NsP) : X|.

‘[P]f.n.

We know that —b- divides HP]&“ ; and by the induction assumption we have

|Ng P
|[[NsPlr| = % k, where p 1 k, since NgP is fully normalized. We can there-
fore conclude that % divides |[Autz(NgP) : X|.

We now consider the following diagram of subgroups of Autz(NgP):

Aut]:(NSP)

/\

Auts(NSP)

\/

X NAutg(NgP)

The index |Autz(NgP) : Autg(NgP)| is coprime to p since Autg(NgP) is a Sylow-p-
subgroup of Autz(NgP) by saturation of F. We have Cs(Ng(P)) < Cs(P) < NgP,
which tells us that Cs(NgP) = Z(NgP); and consequently

Auts(NsP) = Ng(NgP)/Z(NsP).
From the definition of X, we get that

X ﬁAuts(Nsp) = {(p S Aut]:(Nsp) ’ pP = P} N {CS S Aut]:(Nsp) | s € Ns(NSP)}
= {Cs S Aut]:(NSP) | S € Nsp} = Inn(NSP) = NSP/Z(Nsp).

The index |Autg(NgP) : X N Autg(NgP)| is therefore equal to %.

The right side of the subgroup diagram shows that the highest power of p di-

viding [Autz(NsP) : X N Autg(NgP)| is %. The highest power of p dividing

|Autz(NgP) : X| is thus at most % — and we already know that this power of p
divides |Autz(NgP) : X|. We conclude that |Autz(NgP) : X| = w - k' for some

k' coprime to p; and we finally have

‘[p];n- = |[INsP]#| - |Aut=(NsP) : X]|
|[Ns(NsP)|  [NsP|
S| /
= - kK,
|NsP|

and p 1 kk'. O
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Lemma 1.6.3. Let P,Q < S, then |[Q]#| divides |[Q']s| in Z,) for all Q" ~7 Q; and
furthermore

Q|15 170, P)- 18]
I 1@ 1P| JF(@Q.9)

Qs /
> (S/P)“
m%gwfu@fm

€ Ly,

where [Q};P is the set of Q' ~x Q with Q' < P.

Proof. From lemma|l.6.2| we know that |[Q]£| = % -k, with p { k, where Qo ~r @ is

fully normalized. At the same time, we have |[Q’]g] = %; hence |[Q]£| divides |[Q’]s]
in Z).
We try to simplify the sum in the lemma:
HQBW @ 1 S| [Ns(Q', P
> (S/P) > '
Ng(Q' P
e QA 2, @) 1P

___I5] [Ns(Q', P
[Pl [[Q)F] 2 [Ns(Q)]

[Q1sclQ]F

o |S| Z ’ /
- {Re[Q)s|R< P}
PRI 551

_ 15

Q"] 151 17, P)- 9]
Pl QA 1P 1FQS)

The last equality is just multiplying with |Autz(Q)| in both the numerator and the

denominator. ]

Lemma 1.6.4. Let P < S, and assume that X € A(S),) < Q(S)(p) satisfies o) (X) =
i (X) for all Q ~7 Q" with Q = P.
Then there exists X' € A(S)(,) with

(i) @ig)(X') = @ipn(X') for all Q ~5 Q" with Q ZF P.
(i) @i (X') = @ig)(X) for all Q £AF P.
(i) cio(X') = ciq)(X) for all Q A7 P, and

> amX)= X am(X),

[PsClPl 7 [PsC[PlF
(iv) For every @Q < S:

(P / X = @ , X .
o, 190 ") [Q,%Q]JTI[Q]A @1(%)




1.6 THE p-LOCALIZED BURNSIDE RING A(F) 21

Proof. Assume without loss of generality that P is fully F-normalized, and let P’ ~x P.
Then there is a homomorphism ¢ € Homz(NgP’', NgP) with ¢(P’) = P by lemma[0.8]
As in the proof of lemma we can then use the assumption ®(q)(X) = @[ (X)

for all @ ~r Q" with Q, Q" =7 P, as well as the fact X € A(S),), to prove that

p)’

P(p)(X) — Pp(X) =0 (mod |WgP'|).

We can therefore define A\jpy := (®(p|(X) — @p(X))/|WsP'| € Z,
\

We recall from lemma |1.6.2| that |[P]£| = | NS -k where p t k. Smce k is invertible

in Zy,), we can define

ci=| X Nen| [k €Zy),

[P']sClP]F

as well as ppr) := A\jpj — ‘lw P,|‘c € Z(y)-
We claim that

[P]sC[P]F

satisfies the properties in the lemma. We at least have c(q) (X N = cig)(X) for all @ £ 5 P,
which is the first part of

Because ®(g)([P']) = 0 unless Q Zs P’, we see that ®(g)(X') = @g(X) for every
Q AF P, hence holds. Thirdly, we calculate ®p/(X") for each P’ ~7 P:

q)[p/](X/) = @[p/](X) =+ Z Hipy (I)P’ [ﬁ])

[P)sC[P]#
= ‘I)[p/](X) + Kipr) - @[P/}([Pl]) = (I)[p/](X) + P Wspl‘
[WsP|
= (I)[p/](X) =+ A[p/] W5P,| — |WSPI|C' |W5P/‘

= Q1p(X) — [WsP|c;

which is independent on the choice of P’ € [P]x. This proves|(i)|in the case Q, Q" ~# P;
the case Q ~r Q' with Q, Q" = P follows from the assumption and

The definition of ¢ ensures that

[WsP| |NsP| |NsP|
Z |W5P’|C:C‘ Z |Nsp/|zc' E Z HP/]S|
[P']sC[P])F [P']sC[P]F [P']sC[P]F
|[NsP|

[P']sCIP]F
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which in turn gives us

> amXN = D a0 = >

[P']sC[P]F [P']sCIP]F [P']sC[P]F
_ [WsP|
= Z )\[P/] - Z ’WSP/’C—O.
[P']sC[P]F [P']sC[P]F

Hence the rest of holds.
By lemma every P’ ~r P satisfy

@lacials €] 1P| -|F(Q,S)]

forall @ < S.
We can then prove the final property of X', where we also use Z[P’]SQ[P]]: ppr = 0

s @sly

@lscials 197!
) [Q'Jszg:@]f |’[[g]]j || e ([pf]szc:mf v ([Q’]SZC[Q]f ||[[g]]j || Q[Ql](m)))
B [QsC[QlF |![[§2]]j|| F@ ) +0 =

Lemma 1.6.5 (p-localized variation of lemma. Let 'H be a collection of subgroups
of S such that 'H is closed under taking F-subconjugates. Assume that X € A(S),) has
the property that ®p|(X) = ®p(X) for all pairs P ~z P', with P,P' ¢ H.

Then there exists an element X' € A(F) ) < A(S)(p) satisfying

(i) @p)(X') = @pp)(X) for all P¢H, P<S.

(ii) cip)(X') = c;p|(X) for all P ¢ H, and for all P € H we have

> apX) = ) e,

[P]sClPlF7 [P]sC[P]F

(iii) For every P < S:

Pl
[P]sC[P]F
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Proof. We proceed by induction on the size of H. If H = (), then X € A(S) NQ(F) () =
A(F) (p) Dy assumption. The first two properties are also vacuously true when X "= X.
Finally, since X € A(F)(,), we have ®(p)(X) = ®p)(X) for all pairs P ~x P’, and
therefore

> e —epm S a1

[PlsClPF P17 [P']sClP]F

Assume that H # ), and let P € H be maximal under F-subconjugation. We define
H' :=H\ [P]F, then H' again contains all F-subconjugates of any H € H'.

Since P is maximal in H, we see that P and X satisfies the assumptions in lemma

hence we get X € A(S )(p) satisfying
(i) Bg(X) = @ion(X) for all Q ~r Q' with Q &Zr P.

(iit") cfg(X) = ¢ig(X) for all Q £z P, and

> amX)= > aqpX).

[P']sClPF [PlsClPF

(iv’) For every Q < S:

@sly 2 _ @1sly
[Q’]SXQ:[Q]f Q)7 [Q]( ) [Q’]SXQ:[Q]f|[Q]f| [Q]( "

Properties |(i’")] and |(ii’)| together with the assumption about X, give that ®g (X) =
Pon (5( ) for all pairs Q@ ~x Q" with Q ¢ H'. By induction we therefore get an element
X" € A(F)(p) such that

(i") @ig(X") = Dpgy(X) for all Q ¢ H', Q < S.

(ii”) (X)) = ¢g (X) for all Q ¢ H', and for all Q € H’ we have

> aeX) = >0 egn(X),

[Q]sC[QlF [Q']sC[QlF

(iii”) For every @ < S:

) Q"5 =
(X)) = Y i (X).
@1scials Q7

From and as well as and we get Oig)(X') = @(g(X) and ¢ (X') =
cg)(X) for all @ € H. This proves ((i){ and the first part of
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When @ € H', we have i1 ()N() = cjo(X) for Q" ~F Q, and consequently |(ii”)| gives

Yoo XN = Y wgX) = Y i)

(QsClQlF (Q1sClQlF (QsClQlF
Since P ¢ H', we have c;p)(X') = cp) (X) for P! ~5 P, so we also get
YoagpmX) = Y X)) = > qp(X);
[P)sCIP)F [P']sCIP]F [P)sCIP)F

this time thanks to This proves the rest of
Finally, combined with say that

) Q5] =
(X)) = Y P(X) = )
Q1sCQlF Q]|
forall @ < S. O

Proposition 1.6.6. Let X € A(S)(,), and define X' € Q(S),) by

p)’

/ Q5]
Qg (X) = > Do (X).
@1scias 197

Then X' € A(]:)(p)

Proof. This is just lemma applied to X € A(S)(,) with H being the collection of
all subgroups of S. O

Remark 1.6.7. The element X' is constructed by taking a weighted mean, for each
conjugacy class [Q]r, of the corresponding coordinates of X. The definition of X’ thus
preserves addition and scalar multiplication; and we therefore have a projection of
Zpy-modules 7: A(S) ) — A(F) ) given by 7(X) := X'.

If X € A(F)(p) already, then ®;9n(X) = ®(X) for all Q" ~7 Q; hence O (X') =
Pi(X) for all Q < S, ie. 71X = X.

Lemma 1.6.8. Let P < S, and define fBjp € Q(f)(p) by

_ 7@, P)|-]S]

2@r) = B FG )

Then ﬁ[p} S A(}—)(p).

Proof. Applying proposition to the basis element [P] € A(S)y), we get
ﬁ[p] = W([P]) € A(f)(p) with

Q5] IF(Q,P)|-|S]
LCICTIEDY ®1(IP)) = T5r 170 5y € L)
@1l 197 [Pl 1F(Q, 9)|

thanks to lemma [[.6.3] O
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Theorem 1.6.9. The elements Bp] € A(F)(y defined by

FQ,P)|-|S
D1 (Bip)) == :ﬂ(-!f(g,‘S)} € L)

are a basis for the p-localized Burnside ring A(F)
class [P] € C(F).

p); With one basis element per conjugacy

Proof. We order the F-conjugacy classes [P] according to decreasing order of P. The
homomorphism ®: Span{8(p| }ipjcc(r) — §~2(.7: ) (p) 18 then represented a matrix M which

is lower triangular with diagonal entries

Mg — FRPIAST 18
PLEL= TP F(P,S)| — |P]-|[PlF]

When P is fully normalized, we have |[P]r| = i ]\|[§|P| - k, where p 1 k, thanks to lemma
Using this, we get
Moo o INsP| _ [WsP|
[PHP]_’P’,k_ k

We conclude that the 3p)’s are linearly independent, and furthermore that the index of

Span{Bp) }plec(F) in ﬁ(f)(p) is equal to

H [WsP| = |0bs(F) )] -

[PleC(F)
P fn.

It follows that the B(p|’s span all of A(F),). O

1.7 Centric Burnside rings

For a group G, the p-centric Burnside ring AP“"!(G) is defined as the quotient
A(G;p) /AP (@) where we mod out the ideal in A(G;p) generated by the non-p-
centric subgroups. In this section, we consider the similar construction for the Burnside
ring of a fusion system; and we show how this again relates to a suitable quotient of
A(S).

Since the arguments are based on the previous sections, we still require that F is a

saturated fusion system.

Definition 1.7.1. A subgroup P < S is F-centric if every P’ ~x P satisfies that
Cs(P’) < P'. In that case, Cs(P') = Z(P’) for all P’ ~x P; and every P’ ~z P is also
F-centric. If P is F-centric, we say that [P|r is F-centric as well.

Let C™(F) C CO(F) and C7"(8) C C(S) be the sets of F- and S-conjugacy
classes of F-centric subgroups respectively. Similarly, we let C7"(F) C C(F) and
CF-eent(§) C C(S) be the sets of conjugacy classes of non-F-centric subgroups.
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Remark 1.7.2. If F = Fg(G), then P < S is F-centric if and only if P is a p-centric
subgroup of G, i.e. Z(P) € Syl,(Cq(P)).

Remark 1.7.3. Assume P < Q and P is F-centric. Any Q' ~# @Q then contains P’ < @’
such that P’ ~z P; and consequently Cs(Q') < Cs(P’) < P’ < @’. Hence @ is F-centric

as well.

Definition 1.7.4. Let Q7" (F) be the ideal of Q(F) consisting of f € Q(F) where
fig) = 0 for all F-centric @’s. We denote the quotient ring by

Qel(F)=QF)/Qe(F) = [ 2
[QleCeent(F)

We let A7°"(F) be the intersection
AT (F) 1= A(F) N Qe (F).

Since Q7" (F) is an ideal of Q(F), and A(F) is a subring of Q(F), it follows that
A7t (F) is an ideal of A(F).
We define the centric Burnside ring of F as the quotient ring

Acent(]:) = A(]:)/A—\cent(]:).

Proposition 1.7.5. Let app, [P] € C(F), be a basis for A(F) satisfying the properties
in proposition [1.5.3. Then

Aﬁcent(;c‘) — Span{a[P] | [P]]—" non—centTiC},

and A" (F) has a basis consisting of ajp] where [P]r is centric.

Recall the basis Bip) of A(F), from theorem . The elements [Bp) where [P|x
is mon-centric, gives a basis for AT (F )(p); and Bip), [Pl centric, gives a basis for
A (F) p)-

Proof. We order the conjugacy classes of F the following way: The F-centric subgroups
are all ordered before the non-F-centric subgroups; and these two subgroup-families are
ordered internally according to decreasing order of the subgroups.

The F-centric subgroups are closed under F-conjugation and taking supergroups, i.e.
if P is F-centric, then every @ 27 P is also F-centric. We therefore have @ ([P]) = 0
whenever @Q is F-centric and P is non-F-centric (see lemma [L.1.F)).
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With the described ordering of C/(F), the matrix corresponding to ®: A(F) — Q(F)

becomes a block matrix
Mcent 0
* Mﬂcent

where M e and M_ e both are lower triangular matrices with non-zero diagonal en-
tries.

The submatrix M_cen¢ represents the restriction ®: A7 (F) — Qﬁce”t(}"), and
Meny represents the induced map ®: A™ (F) — Qe (F) between the quotient rings.
Since M epn: has non-zero determinant, the ﬁ’s with [P]£ centric gives a basis for
A"t (F). In particular, they are linearly independent in A“"(F) = A(F)/A™"(F),
hence A™"*(F) is spanned by the oyp)’s with [P]# non-centric.

A completely similar argument gives the stated results about the p-localizations
Amcent(F )(p) and Acent(F) () O

Remark 1.7.6. Assume F = Fg(G). We let

ﬁﬁp-cent(G;p) _ H 7, — ﬁﬁcent (f)

[PleC(F)
P is non-p-centric in G

Furthermore, we let A" () < A(G;p) be the ideal generated by [P] € A(G;p) where
P is a non-p-centric p-subgroup of G; then A7 (@) = A(G;p) N Q7" (G; p). The
p-centric Burnside ring of G is defined as the quotient AP¢"(G) := A(G;p)/A™P"H(G).
Using corollary we then see that A~ F,) = A" (G, and A“™(F),) =
Ap-cent (G) (p) .
Definition 1.7.7. We consider the map ¥: Q(F) — Obs(F). Using the same basis-
ordering as in the proof of proposition ¥ is represented by a block matrix

N, cent 0
* N. —cent

since Vg)(f) = 0 whenever f € ﬁﬁce”t(}" ) and Q is F-centric. Furthermore Nge,: and
N_ent both have only 1’s in the diagonal. It follows that the restriction

v Qert(F) - [ 2/ wsQlz

QleCen(7)
Q fn.

is surjective.
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We define
Obs(F):= ] Z/IWsQ|zZ

[QleCTeent(F)
Q fn.

which thus is the cokernel of
& Aﬂcent (f) N Q—'cent (f)
We also define Obs®™(F) as the quotient module

Obs“™(F) := Obs(F)/Obs " (F) = H Z] |\WsQ|Z.
[QleCeent(F)
Q fn.
The matrix Neepnt then represents the induced homomorphism W : ﬁce”t(}" ) — Obse™ (F);
hence U is given by
Vo)=Y fuse (mod [WsQ|)

5eWsQ

when @ < S is a fully normalized, F-centric subgroup.

Remark 1.7.8. All these Z-modules and homomorphisms fit together in a square of
short-exact sequences (where we have omitted the 0 at each end):

o < v
Acent (f) 5 chnt (f) - 5 Obscent (f)

A(F) Q(F) —Y s Obs(F)

v v v

d ~ v
Aﬂcent(]:) > Q—\cent(]:) > Obs—\cent(]:)

The top row is exact since all the other rows and columns are exact.

Definition 1.7.9 (The analogous constructions for A(S) and €(S)). The stated results
about the following constructions are all proved completely analogously to [L.7.4HI.7.8]

Let Q™7nt(S) be the ideal in (S) consisting of the f € Q(S) with figy = 0 for all
@ that are F-centric. We denote the quotient ring by

Q]—'—cent(s) — Q(S)/ﬁﬁ]-'-cent(s) ~ H 7.
[Q}EC}_’Cent(S)

Let A™F-cent(§) .= A(S) N Q@ F<n(S) which is an ideal of A(S). We denote the
quotient ring by A7-cent().



1.7 CENTRIC BURNSIDE RINGS 29

The ideal A77-¢"t(S) is generated by the basis elements [P] € A(S) where P is
non-F-centric; i.e. an S-set X is in A77¢nt(S) if and only if all stabilizer subgroups
of 2 € X are non-F-centric. The quotient ring A7-°"*(S) has a basis consisting of [P]
where P is F-centric.

We define the obstruction groups

Obs7eent(S):= [  2/|1WsQ|Z
[QleCFeent(S)
and
Obs”=e"(S) := Obs(S)/Obs™Fcent(§) = II z/wsQlz
[Q]ecf—cent(s)
Then ¥: Q(S) — Obs(S) restricts to ¥: QF-<ent(§) — Obs™F1t(§) as well as induces
U: QF-cent(§) — Obs™c¢"t(S). The induced homomorphism ¥ is given by

T (f)= > fing (mod [WsQ))
5eWsQ
when @ < S is F-centric.
All these maps fit together in a commutative square of short-exact sequences similar
to remark [1.7.§]

Lemma 1.7.10. We have the following commutative diagram of Z-modules. FEvery row
and column is short-ezact (where we have omitted the 0 at each end); and all the

non-dashed arrows denote injective homomorphisms.

A]—'—cent(s) - Q]-‘—cent(s) _________ > Obs]—'—cent(s)
AN N PN
i Acent(]:) i ﬁcent(]_‘) _________ _:, Obscent(]_‘)
! o -
A(S) O(S) =t > Obs(S) !
A(I}") I QF) -----------t > Obsl(]-")
A—J—'-cent(S) ﬁﬂ}‘-cent(s) _________ > Obs_']:'cent(S)
Aﬁcent(f) ﬁ—\cent(f) _________ > Obs—\cent(f)

Proof. We have Q¢ent(F) = Q~F-<ent(§) N Q(F) and A~ (F) = A(S) NQFeent(§)n
ﬁ(]—' ). The diagram then follows by repeated application of lemma m O
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Proposition 1.7.11. The induced homomorphism p: Obs" (F) — Obs” ! (S) is
injective; and A°™(F) = AFcent(§) N Qeent(F) as subrings of QF <t (S).

Proof. Consider the top layer of the diagram in lemma [1.7.10

3 7°
0 > A}'—cent(s) > Q}'-cent(s) > Obs}'-cent(s) > ()

R

0 5 Acent (f) ﬁcent (f) Obscent (F) > ()

Let @}—(f) € Obs“™(F) be an arbitrary element of ker p, i.e. p(@f(f)) = 0. For every
fully normalized, F-centric Q < S we then have

V(o= Y g mod [WsQl) =T F(f))a)s = p(T (f))iqls = 0.

SeEWsQ

Because @f( f)[Q] » = 0 for all fully normalized, F-centric @ < S, we conclude that
@f(f) = 0; so kerp = 0.
Lemma then tells us that Acm(F) = AF-cent(§) 0 Qeent(F), O

The Diaz-Libman centric Burnside ring

What follows is a short introduction to the centric Burnside ring gce”t(}" ) as defined
by Antonio Diaz and Assaf Libman in [DL09], as well as a proof that A (F Jp) =

p) —
Acent (]:) (p) .

Definition 1.7.12. For P,Q € S, the group of inner automorphisms Inn(P) acts on
F(Q, P) by post-composition. We define the centric orbit category of F as the category C
with the F-centric subgroups as objects and morphism sets C(Q, P) := Inn(P)\C(Q, P).

Proposition 1.7.13 ([DL09, Proposition 2.7]). Let Q,P < S be F-centric, and let
s € NgQ. Then there is a bijection C((s) Q, P) ~ C(Q, P)*, where C(Q, P)? is the fized-
point set when s € NgQ acts by pre-conjugation.

Proof. [DL09]. O

Definition 1.7.14. The Burnside ring A" (F) as defined by Diaz and Libman has a
basis element [P] € A®"(F) for each [P] € C°"(F); and the ring is characterized by a
mark homomorphism ®: A%™(F) < Qcent(F) defined by

Pg)([P]) == [C(Q. P)]

for all F-centric P,@ < S.
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Proposition 1.7.15. We have A“"(F) < A“"(F), and in the p-localized case

T (F) gy = A (F) ) as subrings of G

Proof. Let [P]r € C¢™(F) and consider ®([P]) € Q" (F). If we show that the homo-
morphism W: Q™ (F) — Obs" (F) sends ®([P]) to 0, then ®([P]) corresponds to an
element d;py of A (F).

For every @ that is fully normalized and F-centric, Ng@ acts on C(Q, P) by pre-
conjugation. Every ¢ € @ acts trivially on C(Q, P) since for all ¢ € C(Q, P) we have

[pocql = [epqg 0 ¢] = [¢]
in C(Q, P) since cpq € Inn(P). We thus have an induced action of Ws@ on C(Q, P) by

pre-conjugation, which in turn gives us

Ti(@(P) = > eo)(P])

5eEWsQ

= Y e QP

5eWsQ

= Y le@ Py

5eWsQ
= [WsQ|-1C(Q, P)/WsQ| =0 (mod [WsQ|).

This shows that W(®([P])) = 0, so there is a djp] € A" (F) with ®(p)) = ®([P]). We
conclude that A" (F) < A%m(F) as subrings of Q™ (F).
For all F-centric P,Q < S we have
1Z2(Q)]
1P|
since Cp(pQ) = Z(¢Q) for all ¢ € F(Q, P) because () is F-centric.
For every fully normalized, F-centric Q < S, we then have
2(@Q) _151-12(@Q)|
5] 1CsQl - |S]

for some k coprime to p satisfying | F(Q, S)| = % -k (see lemma |1.6.2)).

We thus get that &)(p)([S]) = ®(,)(d1g)) is invertible in Qeent (F) (p)» 50 by lemmam
dig) is invertible in A“™(F) .
Consider now the element d;pj/dj5) € A“™(F),
element satisfies
3, ((5[P}> _ 2P _ 1C(Q,P)| _ |F(Q,P)|-]S]
%1/ 1

C(@Q, P)| = |F(Q, P)|

k=k

€(Q.9) = |7(Q.5)

») for each F-centric P < S. This

3 (Shi €@ 9] ~ [P IF@ P

for all F-centric @ < S. The element Jjpj/d|g) is then simply the basis element % of

A" (F)(p); and we conclude that the djp’s give a basis of A“™(F),) as well. O
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2 Double Burnside rings

The second part of this thesis is mostly based on sections 3-6 of the article [RS09],

supplemented by some proofs and additional results of my own.

2.1 Burnside modules

The Burnside modules arise when we instead of sets with only one group action, consider
“bisets” that have both a left and a right action. We define a category A with the bisets as
morphisms; and the double Burnside ring of a group G is then the set of endomorphism
A(G, G).

In the following, we let G, H and K denote finite groups.

Definition 2.1.1. A (G, H)-biset (or just (G, H)-set) is a set equipped with a right
G-action and a left H-action such that the two actions commute. A biset is left-free if
the left action (i.e. the H-action) is free, and it is right-free if the right action is free. A
biset which is both left- and right-free, is called bifree.

Remark 2.1.2. Given a (G, H)-biset X, we obtain a (H x G)-set X with the same
underlying set, and the (H x G)-action given by (h,g)x := hxg~!. Conversely, any
(H x G)-set corresponds to a (G, H)-biset, and we shall use this bijective correspondence
heavily in the rest of the thesis.

We say that a (G, H)-biset X is (G, H)-transitive if X is transitive when considered
as a (H x G)-set.

Definition 2.1.3. The isomorphism classes of finite, left-free (G, H)-sets form a free
commutative monoid with disjoint union as the addition. We define the Burnside module
of G and H, A(G, H), to be the Grothendieck group of this monoid.

Remark 2.1.4. The Burnside module A(G, H) is a free Z-module with a basis con-
sisting of the isomorphism classes of left-free (G, H)-sets that cannot be decomposed as
disjoint unions of strictly smaller (G, H)-sets. These are the left-free (G, H)-bisets that
are (G, H)-transitive, i.e. transitive when considered as (H x G)-sets. Proposition [2.1.8]

gives a more explicit description of this basis.

Definition 2.1.5. A (G, H)-pair is a pair (K, ), where K < G and ¢: K — H is a

group homomorphism.
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From every (G, H)-pair (K, ), we obtain a left-free (G, H)-set
H x(gp) G = (HxG)/ ~
where ~ is the relation
(h,kg) ~ (ho(k),g), forallg € G, h € H and k € K.

The isomorphism class of H Xk ) G is an element of A(G, H) which we denote by
(K, ¢l or just [K, ).
The (H x G)-set corresponding to H X (g ) G, is isomorphic to

(H x G)/A(K, ¢),
where A(K, p) < H x G is the “graph” of (K, ), i.e.
A(K, ¢) :=A{(p(k),k) | k € K}.

The isomorphism of (H x G)-sets H X () G = (H x GQ)/A(K, ) is simply given by
(h,g) = (h, g™ ).

Definition 2.1.6. We say that two (G, H)-pairs (K, ) and (L, ) are (G, H)-conjugate,

or just conjugate, written (K, ) (GNH) (L,v), if the graphs A(K,¢) and A(L,v) are

conjugate in H x G. We let [K, ¢|(q #) or [K, ] denote the (G, H)-conjugacy class of
(K, ¢); and we let C(G, H) denote the set of conjugacy classes.

The element [K, % € A(G, H) depends only on the conjugacy class of A(K, ) in
H x G, hence only on the class [K, | m € C(G, H).

We say that (K, ) is subconjugate to (L,1)), written (K, @) = (L), if A(K,p)
(G,H)

subconjugate to A(L,v) in H x G. In that case, every element of [K, @] g) is sub-

conjugate to every element of [L, 9] m; and we say that [K, ¢](q gy is subconjugate to

(L, Y],y as well (written [K, @] 3 [L,9]).

(G.H)
Lemma 2.1.7. Let (K, ) and (L,v¢) be (G, H)-pairs. Then (K,p) = (L,v) if and
(G.H)

only if there exist x € Ng(K,L) and y € H such that ¢, o p =1 oc,.
We have (K,p) ~ (L,v) if and only if the additional condition |K| = |L| is

(G,H)
satisfied.

Proof. Assume (K,¢) = (L,). Then by definition we have A(K, ) subconjugate to

~

G,H
A(L,¥) in H x G, so iher)e exist x € G, y € H such that W?A(K, ) < A(L, ). The
elements of WP A(K, ) are (cy(p(k)), cx(k)), with k € K.
The inclusion W*A(K,¢) < A(L,v) then simply means that c,(k) € L and
Y(cz(k)) = cy(@(k)) for all k € K; hence v € Ng(K, L) and e, = cyep.
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Conversely, if ¢c, = ¢y, then we get U A(K, ¢) < A(L,1)).

The graphs A(K, ¢) and A(L, ) are conjugate if and only if A(K, ¢) Spxa A(L, 1)
and the two sets have the same size. The second part of the lemma then follows by
remarking that |A(K, )| = |K| and |A(L,¥)| = |L|. O

Proposition 2.1.8 ([RS09, Lemma 3.6]). The Burnside module A(G,H) is a free
Z-module with one basis element [K, o]% for each conjugacy class [K, ¢] of (G, H)-pairs.
We call this the standard basis of A(G, H).

Proof. Let (K, ) and (L,v) be two (G, H)-pairs. The (H x G)-sets (H x G)/A(K, )
and (H x G)/A(L, 1) are isomorphic if and only if (K, ¢) (GNH) (L,). Thus the different

)

conjugacy classes of (G, H )-pairs give rise to non-isomorphic, transitive (H x G)-sets. To
complete the proof, we therefore only need to prove that every left-free, (G, H)-transitive
(G, H)-biset is of the form H x (g )y G for some pair (K, p); or equivalently that every
transitive (H x G)-set with free H-action is of the form (H x G)/A(K, ¢).

Let (H x G)/X be transitive with X < H x G; and assume that the H-action is free.
Let (h,g) € X; then since the H-action is free, all the elements (yh,g) € (H x G)/X,
with y € H, are different. In particular, (yh,g) € X only holds for y = 1. For every
g € G there is thus at most one element of X with g as the second coordinate.

We put K := m(X) < G. Then every k € K, satisfies that there exist a unique
(k) € H such that (pk, k) € X. Because X is a subgroup of H x G, we then get for all
k, k' € K that

(R, E) = (ks ) - (9!, K).

Hence ¢(kk') = ¢(k)p(k'), so ¢ is a homomorphism and X = A(K, ¢). O
Definition 2.1.9. For each [K,¢| € C(G, H), we let ¢k : A(G, H) — Z be the ho-

momorphism sending X € A(G, H) to the [K, ¢]-coefficient of X (when written in the
standard basis of A(G, H)). Hence we have

X= Y cqrgX)-[K¢]
(K0 (G, )

for all X € A(G, H).

Definition 2.1.10. Let X be a (G, H)-biset, and let (K, ¢) be a (G, H)-pair. We then
define the set

XKD —fre X |VkeK:pk)x=ak} ={ze X |Vke K :pk)zk™" =z}

This is just the set of fixed-points X2(5¢) when we consider X as a (H x G)-set. Since
!XA(K’SD)‘ only depends on the conjugacy class of A(K, ), then ‘X(K"P)‘ depends only
on [K, (g, ) as well.
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Definition 2.1.11. The Burnside module A(G, H) can be considered as the submodule
of A(H x G) generated by the basis elements [A(K, )] € A(H x G), corresponding to
the basis elements [K,¢| € A(G,H). The [A(K, ¢)]’s are basis elements of A(H x G)
since they are transitive (H x G)-sets. The module A(G, H) then inherits a (module)
homomorphism of marks ®: A(G, H) — HXeC(HxG) Z (see proposition .

Any subgroup X < H x G that is subconjugate in H X G to a graph A(K, ), is itself
a graph X = A(L,v) for some L < G and 1: L — H. As a consequence, ®(A(G, H)) is

contained in the subring H[ K] Z; and ® becomes an injective module homomorphism
ix o) P,
¢: A(G H) 2 Tz
[K.p]eC(G.H)
Here @ ): A(G, H) — Z denotes the K, ¢]-coordinate of ®; which is given by
O (3) = 4059 — x5
for any left-free (G, H)-biset X — and then extended linearly.

Lemma 2.1.12. Let [K,¢],[L,¢] € C(G,H). Then

N,
¢me&M§%—HﬂM¢CMwKM

where
Ny ={x € Ng(K,L) |y € H: cyp =1)cg}.

In particular, O (L, P]&) # 0 if and only if [K,¢] 3 [L,¢].

(G,H)
Proof. From lemma [1.1.5] we know that
’NHXG(A(Ka 90)7A(L7¢))|
P L =

[K,go]([ 71/}]) ‘A(L,lﬁ)’

_ H(w.x) € H x G | eyp = ves)|
||
_ |Npol - Cr(0K)|
L]

The equality Ngxq(A(K, ), A(L,)) = {(y,2) € H x G | ¢y = ¢} follows from

arguments similar to the proof of lemma [2.1.7] O

Remark 2.1.13. Let ¢: K — H and ¢: L — H where K, L < G. The set N, defined
in the previous lemma, is then a bifree (IV,,, Ny )-biset:
Let g € Ny, u € N,y and h € Ny,. Then there exist z,n,y € H such that ¢, = ¢cg,

cnp = e, and cyy) = 1Pcp; which combines to

CynzP = CyCpCalp = CyCpPCq = CyPCyCqy = YCRCyCy = YChyyg.
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We therefore have hug € N, 4; and hence N, and Ny, act by right- and left-multiplication

respectively. Since the actions are just the translation-actions in GG, both actions are free.

‘N%w|

in lemma
|L]

In particular, since L < Ny, L acts freely on N, so the fraction

[2.1.12)is an integer.

2.2 The Burnside category
Definition 2.2.1. There is a composition o: A(H, K) x A(G,H) — A(G, K) given by
[Y]o[X]:=[Y xg X]

for bisets Y € A(H,K) and X € A(G, H), and then extending bilinearly.

The biset Y Xz X is defined as Y x X/ ~ where the relation ~ is (y, hx) ~ (yh,x)
forallz € X,y €Y and h € H. Furthermore, Y x g X inherits left-freeness: Since X is
left-free, an element (y,z) is only ~-equivalent to one element with second-coordinate
x - namely itself. So if (ky,z) = (K'y,z) in Y x g X, then it follows that ky = k'y; and

since Y is left-free as well, we must have k = k.

Lemma 2.2.2. Let A < G and B < H be subgroups, and let X € A(G, H) be a biset.

We can then consider X as a (A, B)-biset X% by restricting the actions; and we have
XB = [B,idp)5 o Xt o [A,incl§.

Proof. The element [B,idg]? is just represented by H considered as a (H, B)-set, and
[A,incl]§ is just G considered as (A, G)-set. We then clearly have

Hxg X xgG=2X
as (A, B)-sets. O

Definition 2.2.3. The Burnside category A is the category with the finite groups as
objects and with morphism sets Mor (G, H) := A(G, H). The composition in A is the
composition o defined in [2.2.1]

FEach morphism set is a finitely generated free Z-module, and the composition is
bilinear. The identity morphism of a group G, is [G,id]g € A(G, @), which is just G
considered as a (G, G)-biset.

Definition 2.2.4. The double Burnside ring of a group G, is simply defined to be
the ring A(G,G) = Mor4(G, G) of endomorphisms in the Burnside category. The ring

A(G, G) is unital since [G,id)% is a neutral element for the composition o.
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Proposition 2.2.5. The composition of basis elements can be described via the following

double coset formula:
Byl olAeld = Y [Ane '(BY),dey0lE. (2.1)
YEB\H/p(A)

In particular if B = H, the formula simplifies to

[H, ¥ o [A, 0l& = [A, vel&;

similarly if p(A) = H, then
B, 415 o [A, ¢ld = [¢™ (B), vel6-

Proof. The (G, K)-set that results from the composition, can be described as
(B4l o [A, ¢l 2 K x H x G/ ~,

where (z,y,ax) ~ (z,yp(a),z) and (z,by, z) ~ (z¢(b),y,z) forall z € G,y € H, z € K,
a € A and b € B. We will describe how this biset K x H x G/ ~ decomposes into
(G, K)-orbits.

Since 2z~ (z,y,z)z~t = (1,y,1), every (G, K)-orbit contains at least one element
on the form (1,y,1). For any element (1,y,1) we then try to determine the stabiliser
subgroup in K x G.

Assume that k € K, g € G satisfy k(1,9,1)g7! ~ (1,5,1) or equivalently that
k='(1,9,1)g ~ (1,y,1). Then we must have g € A, since otherwise (x, *,g) ~ (*,%*,1) is

impossible. This gives us that

MLy, Dg= (k" g) ~ (71 ye(g),1) = (k71 ey(0(9)) - 9, 1).

Since (k™ 1, ¢y (p(9)) - y,1) ~ (1,y,1), we conclude that c¢,(¢(g)) € B, i.e. g € o~ (BY);

and we get
(k™1 ey(p(9)) -y 1) ~ (K71 d(ey(0(9))). 9, 1).

Finally we conclude that we must have k = (¢cy)(g). Conversely, if g € AN ¢~1(BY)
and k = (Ycyp)(g), then the above calculations show that k=*(1,y,1)g ~ (1,y,1). The
stabiliser subgroup of (1,y,1) is therefore A(A N p~1(BY),¢¥cyp); hence the orbit of
(1,y,1) is isomorphic to

(K x G)/A(AN g™ (BY),veyp)

and thus an element of the isomorphism class [A N ¢~ (BY), Yey ).
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When are two elements (1,y,1) and (1,%’,1) then in the same (G, K)-orbit? If
they are in the same orbit, then there exist k¥ € K, g € G such that (1,7/,1) ~
k(1,y,1)g = (k,y,g). Then there must also exist a € A and b € B such that
(1,9/,1) = (ki (b),b"Lyp(a),a tg); from which we then conclude y' € Byp(A).

Conversely, if y' € Byp(A), we have ¢y = byp(a) for some a € A, b € B. It then
follows that

(1Ly', 1) = (1,byp(a), 1) ~ ((b),y,a) = $(b)(1,y, 1)a
so (1,y,1) and (1,4/,1) are in the same (G, K)-orbit.
In total, K x H x G/ ~ consists of one orbit for each 7 € B\H/¢(A), and that orbit
is a representative of [A N o1 (BY), ey O

Corollary 2.2.6. If A < G and ¢ € Hom(A, H), then
[A, @l = [pA,incl) s o [4, ¢]5" o [A, ida]
Proof. Immediate from the two simple cases of proposition [2.2.5 O

Definition 2.2.7. The augmentation €: A(G, H) — 7Z is the homomorphism defined on
bisets X € A(G, H) as the number of (free) orbits of the left action:

e(X) = [H\X| = [X|/|H],

and then extending linearly to all of A(G, H). A basis element [K,¢] € A(G,H) has
|G x H| /|A(K, ¢)| elements, so e([K, ¢]) = |G|/ |K|.

For bisets X € A(G,H) and Y € A(H,K), we have |Y xg X|=|Y|-|X|/|H| since
the action of H on X is free. It follows that

e([v] o [X]) = BHEL /1| = it - Bt = e((Y]) - (X)),

By linearity this holds for all elements in the Burnside modules, hence we conclude that
¢ sends composition in A to products in Z. In particular, e: A(G,G) — Z is a ring

homomorphism.

The free Burnside modules

Definition 2.2.8. Let X be a (G, H)-biset, then we get the opposite (H, G)-biset X°P
by reversing the actions on X: For any x € X, let 2°P be x considered as an element of
X°P_then ga°Ph := h~lzg~!. The (H x G)-set corresponding to X, and the (G x H)-set
corresponding to X°P are equivalent in the obvious way: (h,g)z = hxg~! = gz°Ph~! =
(g, h)x°P.

The opposite of a left-free biset is right-free and vice-versa, so we don’t get a map
between Burnside modules in general. We do however get a correspondence between the

bifree bisets.
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Definition 2.2.9. The free Burnside module Af, (G, H) is the submodule of A(G, H)
generated by the isomorphism classes of bifree (G, H)-sets. We call all the elements
X € Ay (G, H) bifree.

We then have the opposite homomorphism
op: Ap (G H) — Ap(H,G)
sending a bifree biset to its opposite.
Definition 2.2.10. An element X € A,.(G,G) is called symmetric if X°P = X.

Lemma 2.2.11. Let X € A4 (G, H) and Y € Ay (H,K). Then Y 0o X € A (G, K)
and (Y o X )P = XP o Y°P,

Proof. For any (G, H)-biset X and (H, K)-biset Y, we have (Y x g X )P = X°P x g Y°P.
As stated in definition the composition of left-free bisets is left-free. When X and
Y are right-free, the bisets X°P and Y°P are left-free; we conclude that (Y x g X)°P is
left-free, i.e. Y x g X is right-free.

This proves that the composition of bifree bisets is again bifree, and that
([Y] o [X])P = [X]°P o [Y]°P. The result then extends linearly to all of A¢,(G,H) and
A (H,K). O

Lemma 2.2.12. A basis element [K, p] € A(G, H) is bifree if and only if ¢ is injective.
We therefore call a (G, H)-pair (K, @) free if .

Furthermore, since a biset X is only bifree when all (G, H)-transitive components
are bifree, we conclude that Az (G, H) has a basis consisting of the [K,@|2 where ¢ is

injective.

Proof. Consider the (G, H)-set X = H X (g ) G representing [K, p]. If ker o = 1, then
(h,g) ~ (h,¢') implies g = ¢’. For any (h,g) € X and ¢’ € G satisfying (h, g)g’ ~ (h,g),
we then have gg’ = ¢, i.e. ¢ = 1; hence the G-action is free.

Assume that ¢ is not injective, and choose some 1 # k € kerp. We then get
(1,1)k = (1,k) ~ (1¢(k),1) = (1,1), so the G-action isn’t free. O

Lemma 2.2.13. For a free (G, H)-pair (K, ¢), we have

(K, ¢6)P = [pK, ]G

Proof. [K, ¢l corresponds to the (H x G)-set H x G/A(K, ). The (G x H)-set
(H x G/A(K,¢))°P then has the action (g,h) - (y,z) = (hy,zg~1). We have a (G x H)-
isomorphism (H x G/A(K, ))? = G x H/A(eK,p~1) given by (y,z) — (271, y71),
which is well-defined since (y, ) € A(K, ¢) exactly when (z71,y71) € A(pK,¢71). O
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Lemma 2.2.14. If X € A4 (G, H) and (K, ) is a free (G, H)-pair, then

D ) (X) = P 17 (XP).

Proof. 1t is enough to consider bisets X € Ay, (G, H). The fixed-point set (X op)(pKp™)
consists of the 2 € X such that (pk)zk~! = z for all pk € @K but this is simply the
set X(9) hence |(XoP)(#Ke )| = | X E)|. O

2.3 The double Burnside ring of a fusion system

We introduce a concept of F-stable elements, similar to the definition of F-stability
in the single Burnside ring. As for the single Burnside ring, we then define the double
Burnside ring of F, as the subring of A(S,S) consisting of the F-stable elements.

We also define F-generated elements, and give results concerning the “characteristic”
elements that are both F-stable and F-generated.

Definition 2.3.1. Let F; and F5 be fusion systems over p-groups S7 and Sy respectively.

Let (Pv 90)’ (dej) be (Sla SZ)_pairS'
We say that (P, ) is (Fi, Fa)-subconjugate to (Q, ), written (P,p) = (Q,1),

~

(F1,72)
if there exist p1 € F1(P,Q) and py € Fa(pP, Q) such that pap = ¥p;.

Equivalently, we have (P,¢) =< (Q,%) if and only if the graph A(P,¢) is
(F1,F2)
(F2 x JFp)-subconjugate to A(Q, ). Here Fo x Fi is a fusion system on Sy x Si; and if

F1 and Fy are both saturated, then F» x F is also saturated (see [AKOI10, Theorem
6.6]).

We say that (P, ) and (Q, ) are (F1, Fa)-conjugate, written (P, ¢) (]—"N}‘) (Q, ), if
1,772

we have subconjugacy both ways.

To get (F1,F2)-conjugacy, it is actually enough to have (P,¢) = (Q,) and

~

(F1,72)
|P| = |Q|. In that case, A(P, ) o A(Q, ) since we have subconjugacy between two
1X/2

graphs of the same order. We then conclude that there are isomorphisms p; € Fi(P, Q)

and py € Fa(pP, Q) such that pap = ¥p;.
The set of (F1, Fa)-conjugacy classes of (S, S2)-pairs is denoted by C(Fi, Fa).

F-generation

Remark 2.3.2. Let (P,¢) be an (S,S)-pair with ¢ € F(P,S). Then every (S,5)-
subconjugate (Q,v) = (P,¢) has ¢ € F(Q,S). This is because lemma [2.1.7| gives

~

(5,9)
) = cype, for suitable z € Ng(Q, P), y € S; and F is closed under restriction and

S-conjugation.
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Definition 2.3.3. For P,Q < S, we define Ax(P,Q) to be the submodule of A(P,Q)
generated by the basis elements [T go]g where ¢ € F(T,Q) and T < P. An element
X € A(P,Q) is F-generated if X € Ar(P,Q).

Let Ax be the subcategory whose objects are the subgroups of S, and whose mor-
phism sets are Ax(P, Q). This is well-defined since the composite of two F-generated
basis elements [B, zp]g o[A, 90]2 is F-generated thanks to the double coset formula ;
and the identity elements [P, id]5 are F-generated.

Every morphism in the fusion system F is an injective homomorphism, so
T, gp}g € A (P, Q) whenever ¢ € F(T,Q); hence we have Ar(P,Q) < A (P, Q) for all
PQ<Ss.

For every ¢ € F(T,Q), with T < P, we have p~! € F(¢P, P). Any basis element
[T, 0] € Ar(P,Q) then satisfies [T, ¢]°? = [¢T,p '] € Ar(Q,P). We conclude that
Ar(P,Q)°? = Ax(Q, P) for all P,Q < S.

F-stability

Definition 2.3.4. We say that an element X € A(S, H) is right F-stable if we for every
p € F(P,S), P < S, have the following equation in A(P, H):

X o[P,¢]3 = X o[P,incl]p.

Similarly, X € A(H,S) is left F-stable if for every ¢ € F(P,S), P < S, the following
equation holds in A(H, P):

[P, 71§ 0 X = [P,idp]§ o X.

We say that X € A(S,S) is (fully) F-stable if it is both left and right F-stable.
F-stability is preserved under addition, so the left, right and fully F-stable elements
form submodules of A(S,H), A(H,S) and A(S, S) respectively.

Remark 2.3.5. A bifree element X € A, (S, H) is right F-stable if and only if X°P is
left F-stable; because ([P, ¢]2)°P = [pP, ¢ 1L (see lemma [2.2.13)).

Remark 2.3.6. Every element of A(S, H) is right Fs-stable since [P, ¢]% = [P,incl]%
for all ¢ € Homg, (P, S). Similarly, every element of A(H,S) is left Fg-stable; and every
element of A(S,S) is Fg-stable.

Remark 2.3.7. The definition of F-stability resembles the definition of F-stability in
the single Burnside ring A(S) (see [1.4.3). We take an S-set and restrict the action to
P < § in two ways: We restrict along the inclusion P — S, and we restrict along a
¢ € F(P,S). The stability property then requires that these restricted P-actions give

rise to isomorphic P-sets.
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In the context of the single Burnside ring, lemma [1.4.3| gives us an alternate char-
acterization of F-stability in terms of the mark homomorphism for A(S). The following
lemma tells us that a similar result holds for left /right F-stability in the double Burnside
ring A(S,95).

Lemma 2.3.8 ([RS09, Lemma 4.8]). Let X € A(S,S). We then have the following
characterizations of F-generation and left/right F-stability in terms of the mark homo-

morphism:

(i) X is F-generated if and only if ®gy(X) = 0 for all conjugacy classes
@, ] € C(S,S) where v & F(Q,S).

(ii) X is right F-stable if and only if

(I)[Qﬂﬁ] (X) = (b[gaQ,zbcp*l](X)
for all [Q,v] € C(S,S) and ¢ € F(Q,S).
(i1i) X is left F-stable if and only if

D) (X) = PrQpu) (X)
for all [Q,v] € C(S,S) and ¢ € F(¢Q,5S5).

Proof. Assume that X is F-generated, and let (Q, ) be an (S, S)-pair.

If @ y([P¢]) = 0 for all pairs (P, ) with cjp)(X) # 0, then @ 4(X) = 0.
If we assume @ ) (X) # 0, we therefore get ®ig ([P, ¢]) # 0 for some pair (P, ¢)
with cjp)(X) # 0; so (@,7) is subconjugate to (P, ¢) (by lemma [2.1.12). Since X is
F-generated, ¢ € F(P,S), so remark gives ¢ € F(Q,9).

Assume that X is not F-generated, and choose [@, 1] € C(S, S) maximal among the
classes with c|g 4 (X) # 0 and ¢ ¢ F(Q, S). Lemma and remark then imply
that

210.41(X) = ci@.ul(X) - Py ([Q: ¥1)
which is non-zero by lemma

We first consider the case where X € A(S,S) is a biset. Let Q@ < P < S,
¢ € Inj(P,S) and ¢ € Hom(Q, S). We have

X o[P, g2 = [X x5 (S x(py) P)|p = [X x P/(x,p) ~ (v¢(p), 1)]?,

s0 X o [P, ¢ is just the set X where P acts by = - p = 2¢(p), and the left S-action is
unchanged. The fixed-point set (X o [P, ¢]3)(@%) then satisfy

(X o [Pg]P) 9% = {z € X | Vg€ Q: ¥(q)zp(g ")}

—{x e X |VrepQ: v(p ' (r)ar™'}
— x(eQue™h)
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where the second equality holds because ¢ is injective. When ¢ = incl, we simple get
(X o[P, incl]ISD)(QW = x(@Q)
Generalizing to all X € A(S,S) we get

(I)[Q’w] (X o [P, QD]IS)) = CD[th,w(p—l}(X), and (I)[Qa’lf)] (X o} [P, IDCI]ISJ) = CD[Q#,] (X) (22)
If we now assume that X € A(S,S) is right F-stable, then we immediately get
P10 (X) = Pl -1 (X)

for all 1) € Hom(Q, S) and ¢ € F(Q, S) by putting (P, ¢) := (Q,¢) in ([2.2).
Conversely, let P < S and ¢ € F(P,S), and assume that for all Q < P and
¢ € Hom(Q,S) we have ®(g y(X) = P,0,pp-11(X). Then says that the mark
homomorphism
o: A(P,§) e tie, [T =z
(Q¥]eC(P,S)

has the same image at X o [P, ¢]3 and X o [P,incl]3, hence they are equal since ® is
injective (see definition [2.1.11]).

Analogous to proof of O

Definition 2.3.9. Let F; and F> be fusion systems over p-groups S; and Sy respec-
tively. We then define the Burnside module A(Fy, F2) of F; and F» as the submodule
of A(S1,S2) consisting of the right Fj-stable, left Fa-stable elements.

If X € A(F1,F2) and Y € A(Fa, F3), then Y o X inherits right Fi-stability and left
Fs-stability, so Y o X € A(F1,F3). We might hope that this defines a category with
objects the fusion systems on p-groups, and morphism sets A(Fi, Fa); but we generally
lack identity elements wr, € A(F;, Fi).

However, if we take the p-localizations A(fl,fg)(p) as morphism sets instead, and

require that the fusion systems are saturated, then we actually do get a category (see

proposition [2.4.12]).

Remark 2.3.10. The right Fi-stable elements of A(S7,S2) are simply the elements of
the submodule A(F1, Fs,), since all X € A(S1, Se) are left Fg,-stable.
Similarly A(Fs,,F2) consists of the left Fy-stable elements in A(S7, S2).

Definition 2.3.11. The double Burnside ring of F is defined as the ring A(F,F) of
F-stable elements in A(S, S). The double Burnside ring is not necessarily unital, since the
1-element of A(S,S), [S, id]g, is usually not F-stable. For a saturated fusion system F,

we will however see that the p-localization A(F, F),) has the characteristic idempotent
of F as l-element (see proposition [2.4.12)).
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Lemma 2.3.12. Let F1 and Fo be fusion systems on p-groups S1 and Sa respectively.
Assume that X1 € A(S1,S1) is left Fi-stable, and that Xo € A(S2,S2) is right Fa-stable.
If two (Sy, S2)-pairs (P, ), (Q,v) are (F1,Fz)-conjugate, then

Xoo[P,plo X1 =Xo0[Q,9]0Xy.

Proof. Let p1 € F1(P,Q) and p2 € Fa(pP, Q) be isomorphisms such that pap = ¥p1,
ie. 1 = papy .
Using the simple cases of the double coset formula (see [2. , we then get

Xzo[Qa@ZJ] o Xy = X2OQ0290P1] oX;

[
= Xy 0 [pP, ngpp [P, ] o [Q,py ] s, © X1
= X0 [pP, 1nc1]sop [P, 30]p [P, idP]Sl o Xy
= Xy 0[P,¢]3? o X1. -

Characteristic elements

We now introduce the characteristic elements of a fusion system F. Though it might
not seem so at first, theorem states that the existence of characteristic elements
require that F is saturated. So though we don’t explicitly require saturation in the next

sections, the results actually only relate to saturated fusion systems.

Definition 2.3.13. We say that an element X € A(S,S) is a right/left/fully character-

istic element for F if it has the following three properties:
(i) X is F-generated, i.e. X € Ax(S,S) < Af (S, 9).
(ii) X is right/left/fully F-stable.

(iii) e(X) is coprime to p.

Lemma 2.3.14. An element X € Ay,.(S,S) is right F-characteristic if and only if X°P
is left F-characteristic. If X is right F-characteristic, then X°P o X is symmetric and
fully F-characteristic.

Similar results hold for X left F-characteristic simply by applying the lemma to X°P:
If X is left F-characteristic, then X o X°P is symmetric and fully F-characteristic.

Proof. Symmetry of X°P o X follows from lemma, Stability of X°P and X°P o X
is immediate from the definition (and remark . The augmentation property is true
since £(X°P) = ¢(X) and e(X°P o X) = &(X)2. Finally F-generation holds since (—)°P
and o both preserve F-generation (see definition . O

Proposition 2.3.15. If F = Fs(G), then G considered as a (S, S)-set, G2, is a char-

acteristic element for F.
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Proof. We begin by remarking that
G2 = [S,ids]2 o G o [S,incl]§,

according to lemma We also remark that Gg is symmetric, either because it is

obvious, or because G = [G,idg]G is symmetric and ([S,incl]§)°P = [S,ids]3. Since G

is symmetric, it is enough to prove that Gg is right F-characteristic (see lemma.
The biset [G]3 is F-generated since we have

G¢ =[S ids]g o [S.incl]§ = Y~ [SNS59,¢,]2
geS\G/S

by the double coset formula, and ¢, € F(S N S9,S) for all g € G.
Let P < S and ¢ € F(P,S). Then ¢ = ¢, for some g € G, and (P, ¢y) (SNG) (P, incl)

)

as (S, G)-pairs. We therefore have [P, p]¢ = [P, incl]§, and consequently
Gg 0 [Pv @]g = [S’ idg|é o [Sv inCl] 0 [Pv @]% = [Sv st]g © [P’ <P]g

§
= [S,ids]2 o [P,incl]% = [S, ids]2 o [S,incl]§ o [P, incl]p

= G% o [P,incl]p.

&
&

We conclude that Gg is right F-stable.
Finally, G2 has augmentation e(G%) = |G|/|S| which is coprime to p since
S e Syl,(G). O

Remark 2.3.16. It is only at the very end of the previous proof that we need
S € Syl,(G). If S is just some p-subgroup of G, we can still conclude that Gg is an
Fs(G)-generated, Fs(G)-stable (S, 5)-biset.

Theorem 2.3.17 ([BLOO03, Proposition 5.5]). Every saturated fusion system has a char-

acteristic element.

Proof. We shall use that when F is a saturated fusion system om S, then F x F is a
saturated fusion system on S x S, [AKOI0, Theorem 6.6]. The strategy is then to apply
lemma, with F x F as the fusion system.

We start by setting
X = Z (S, ¢

peOut£(S)

Since F is saturated, e(X) = |Out£(S)| # 0 (mod p). In S x S, the (F x F)-conjugacy
class of A(S,idg) consists of all A(S,p) where ¢ € Autz(S). Let ®: A(S x §) —

Q(S x S) be the homomorphism of marks, we then have ®zp,) = ®p, for all

(S, S)-pairs (P, ) — see definition [2.1.11
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By construction of X, we then have

DPa(s,0)(X) = P (X) = Pi5,,)([S, ¢]) = |Z(9)]

by lemma and this value is independent of the choice A(S, ) € [A(S,id)] Fxr.

The (F x F)-subconjugates of A(S,id) are precisely the subgroups A(P,p) < S x S
with ¢ € F(P,S). Lemma then tells us that ®g(X) = 0 unless the subgroup
H < S x S is on the form H = A(P, ) for some P < S and ¢ € F(P,S). Let H be the
collection H := {A(P,¢) | P < S, € F(P,5)}.

The collection H is closed under F x F-subconjugacy; and for H, K < S xS that are
(F x F)-conjugate, we have ®z)(X) = @()(X) whenever H, K ¢ H. We can therefore
apply lemma and get an element Xe A(F x F) satistying

(i) @)(X) = @(X) = 0 and cp1(X) = cr)(X) = 0 when H is not on the form
A(P, ) with ¢ € F(P,S).
(i) P p)(X) = Pl (X) = Py ([S, ¢]) and ¢ (X) = ¢fs,(X) = 1.
From property (i) we get that X is F-generated.
Because ([P, ¢]) =0 (mod p) when P < S and ¢([5, ¢]) = 1, we get that

(D= Y qs(®) = 0utr(S) £0 (mod p).
weOut£(5)

For all (S, S)-pairs (Q,v), all ¢ € F(Q, S), and all p € F(¥Q, S), the pairs (pQ,ep~!)
and (Q, pp) are both (F x F)-conjugate to (Q,v). Since X € A(F x F), we therefore
get

PiQy(X) = Plogue-1)(X),  and Dig (X)) = Pig,py)(X).

Lemma then gives F-stability of X.
The element X € A(S,S) is thus a characteristic element for the saturated fusion
system F. O

Definition 2.3.18. We define the ring of characteristic elements for a saturated fu-
sion system F as the intersection Ax(F,F) := Ax(S,S) N A(F,F) consisting of the
F-generated, F-stable elements.

Let X € A(S, S) be a characteristic element for F, then X € Ax(F,F) by definition.
Let Y € Ar(F,F) be some F-generated, F-stable element that is not F-characteristic.
This implies that e(Y) = 0 (mod p). However, we then have (Y — X) =Y —eX #0
(mod p); hence the element Y — X € Ax(F,F) must be F-characteristic.

Every element of Ax(F,F) is therefore either F-characteristic or a sum of F-
characteristic elements; so Ax(F,F) is generated by the characteristic elements for F,

hence the name.
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Proposition 2.3.19 ([Rag06, Proposition 5.2]). Let Fi and Fa be fusion systems on
p-groups S1 and So respectively, and suppose that & € A(S1,S1) and & € A(S2, S2) are
respectively left and right characteristic elements.

Let C(F1,Fz2) be the set of (Fi,Fa)-conjugacy classes of (S1,S2)-pairs, and pick a
representative (P;, ;) for each i € C(Fi,F2). Then the collection

{&20 [P, pilo& | i€ O(F1, F2)}
form a Z-basis for & o A(S1,S2) 0 &;.

Proof. Let [Q, 1] be some basis element of A(S7, S2), then (Q,v) is (F1, F2) conjugate
to one the the chosen representatives. Let (Q, 1)) oA : (P;, ¢i), then

£0[Q, Y] o0& =& o [P, pi]o0&

by lemma|2.3.12|since &9 is right Fa-stable, and &; is left Fi-stable. Since [@Q, ¥] € A(S, S)
was an arbitrary basis element, we conclude that the ({20 [P;, ;] 0&1)-elements generate
all of 52 @) A(Sl, SQ) 9] fl-

Consider some linear combination

S - (&o[Pheio&); (2.3)
1€C(F1,F2)
and assume that not all ¢; are zero. We then wish to prove that the linear combination
is nonzero as well. Let N := {i € C(F1,F2) | ¢i # 0} # 0, and let j € N be maximal
under (Fj, F2)-subconjugation.
We define M (2 (P, i) < A(S1,S2) as the submodule generated by [@Q, ] with
@) 3= (B ei)

(]:1 7]:2)
By the double coset formula, we have [Pi,goi]gf o [R, p]gi € M(Z (P, i) when

p € Fi(R, S1), because in that case we have
(RNp™H(E), picsp) 3 | (Pi, 1)

for all s € Sy, since csp € Fi1 (RN p~Y(P?), B).

Similarly, we have [R, p]gi o [R,(p,]gf € M(Z (Pi,¢i)) when p € Fy(R,Ss2). The
characteristic elements £; and & are Fi- and Fa-generated respectively, so we conclude
that & 0 [Py, ;] 0 &1 € M(Z (P, i) for all i.

We then write & o [P}, ;] 0 & € M(Z (Pj,¢;)) as a linear combination

§20[Pj,p5l061 = > Q) - @ ¥;
[Q,¥]€C(51,52)
@Y) = (Pjyp))

(F1,F2)
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where c|g g 1= ¢| 7w](§2 o [P}, pj] 0 &1).
The elements &; and & have €(&;1),e(£2) # 0 (mod p), since they are characteristic.

The augmentation preserves products, so we get

(&) [ <(e) = (@20 [Ppiloe)

= > e - e([@, )

[Q,%]€C(51,52)
@QYy) 3 (Piy)
(F1,F2)

=Y cu
[Q,%]€C(51,52) ’Q‘

@) = (Pjwj)
(F1,F2)

The highest power of p dividing the left side, is [S1|/|Pj|. We can therefore conclude

that cjg ) # 0 for some (Q,v) 3 (P}, ;) with |Q[ = |P;|, since otherwise p - 1B |
(F1,72)

would divide the right side of the equation. Then |Q| = |P;| implies that we in fact have
@) _~_ (P, ¢;)-

(F1,72)
By maximality of j € N, it follows that cig 4 (M(Z (P, i) = 0 for all i € N

different from j. Applying cg ) to the linear combination (2.3) we then get

Q] Z i - (20 [Py, 4] 0 &1)

iEC(]:l ,.7:2)

= Z ci - CQ¢}(§2O[ za‘Pz} 51)

iEC(]'—l ,.7:2)

:Z Ci " ClQ] 520[ za‘Pz] 51)

2¢N -0

> i cou(&eo [Pheil o &)

ieN\{j} 5 g

+\,‘_’ cio.4](§2 0 [Py, ¢j] 0 &1)
#0 #0

# 0;
hence the linear combination ([2.3)) must be nonzero. O

Corollary 2.3.20. If &g, &1 € A(S,S) are respectively right and left characteristic ele-

ments for F, then the collection
{ég o [P,incl] o & | [P)lr € O(F)}

is a Z-basis for g o Ax(S,S) o &yr.
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Proof. If two F-generated basis elements [P, ¢], [Q,¢] € Ax(S,S) are (F,F)-conjugate
then clearly we have P ~# Q. On the other hand, if p: P = @ an F-isomorphism, then

(vpe~)p = thp with Ypp~t € F(pP,1Q), shows that (P, ) o (Q, 7).

1,772

This shows that g o Ax(S,5) o &y, is generated by &g o [P, incl] o &1, with one basis
element for each [P]r € C(F). That these basis elements are linearly independent follows

from proposition 2.3.19] O

2.4 The characteristic idempotent of a fusion system

In sections [1.5H1.6| we first used lemma to prove the existence of some basis for
A(F) with certain properties, but it didn’t give a simple way to find such a basis. We
then used the p-localized lemma m to actually find an explicit basis for A(F)(,). In
theorem we proved the existence of some F-characteristic element in A(S,S) by
applying lemma to the context of the double Burnside ring. In this section we then
apply to the p-localized case, and we get an even stronger result (theorem :
The double Burnside ring A(S, S)(,) contains an F-characteristic element wz that is also
idempotent.

In [Rag06], Ragnarsson uses p-completeness to prove the existence of an F-characte-
ristic idempotent wr € A(S, S )Q He then later concludes that this idempotent actually
lies in A(S, S)(p). The proof of existence contained in this section doesn’t rely on p-
completeness to find wr € A(S,S)(); and furthermore, we determine the value ®(wx)

of the mark homomorphism.

Lemma 2.4.1. An element X € Az(S,S)y) is a right characteristic idempotent for F
if and only if X°P is a left characteristic idempotent for F.

Proof. By lemma X is right characteristic if and only if X°P is left characteristic;
and by lemma [2.2.11] X is idempotent if and only of X°P is idempotent. O

Lemma 2.4.2. A left/right/fully characteristic idempotent £ € Az, (S, S) ) has aug-

mentation (&) = 1.

Proof. Since the augmentation is a ring-homomorphism, and £ is an idempotent, we have
£(€)? = £(€); hence the augmentation £(€) is 0 or 1. The element ¢ is also left /right /fully
characteristic, so () # 0 (mod p) which leaves €(£) = 1 as the only possibility. O
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Definition 2.4.3. For each F-generated X € Ax(S,5)(, and P < S we define

mP(X) = Z C[P,cp} (X)7
[P,pleC(S,S)
peF(P,S)

where we sum the coefficients of X corresponding to classes of (.9, .S)-pairs (P, ) with
p e F(P,S).
We similarly define

mf(X) = Y cppe(X),
[PIEC(5.5)
pEF(P,S)

where we sum the coefficients of X corresponding to classes of (S, S)-pairs (Q, ¢~ !) with
e le F(Q,9) and o 1Q = P.

Every F-generated element is bifree, so we can apply (—)°P. Since [P, ¢]°P =[pP, ¢~ 1],
we have c[p,)(X°P) = c,p,-11(X) for all X € Ax(S,S)(,)-

It follows that mp(X°P) = m”(X) for all X € Ax(S,S)(, and P < S.

Lemma 2.4.4. Let Z € Ax(S,95) -
If X € A(S, H) ) is right F-stable, then

XoZ= Y mp(Z2)-(Xo[Pinc).
[PlseC(S)

Similarly, if X € A(H,S) ) is left F-stable, then

ZoX= Y mP(Z) ([Pincl§oX).
[P]s€C(S)

Proof. We only prove the case where X is left F-stable; the other case is proven analo-
gously.

Since X is left F-stable, we have [pP, o715 0 X = [P,idp]L o X for all ¢ € F(P,S).
Composing with [P, incl]? from the left, we just get [oP, ¢ 1|2 0 X = [P,incl] o X by
corollary
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Z is F-generated, so it is a linear combination of the basis elements [Q, ] € A(S, 5) )
with ¢ € F(Q,S). We split this linear combination according to the class [1)Q]s of the

image:

ZoX = Y qeu(@)-1Q¢] | o X

(Q:¥]eC(S,9)
YEF(Q,S)

= 2 > dae (D@ | o X

[PlseC(5) | [Q.»']€C(S,S5)

PEF(P,Q)
@ iso

= ) Y cepe)(2) - ([pPiy o X)

[Pls€C(S) | [PleC(S,S)
peF(P,S)

= Z Z Clopp-1)(Z) - ([P,incl] o X)

[Pls€C(S) | [PleC(S,S)
peF(P,S)

= > > cppey(2) | ([P incl] 0 X)

[Pls€C(S) | [Pp]eC(S,S)
QEF(P,S)

= > mP(2)-([Pind] o X). O
[Pls€C(S)

Lemma 2.4.5. A right F-characteristic element {g € Az (S, S)(p) is idempotent if and
only if mg(Er) =1 and mp(§r) =0 for P < S.

Similarly, a left F-characteristic element {1, € Az (S, S)(p) is idempotent if and only
if mS(&r) =1 and mP (&) =0 for P < S.

Proof. We prove the right characteristic case. The left characteristic case is proven anal-
ogously or just by applying (—)°P to the right characteristic case.
Since &g is both F-generated and right F-stable, lemma gives us that

€rolrn=Y_ mp(r)- (ro [P ind]).
[Pls€C(S)
Applying proposition to the pair of fusion systems (Fg,F), where [S, zd]g is
a fully Fg-characteristic element, we get that the elements &g o [P, incl]g are linearly
independent. The sum is therefore equal to g = {ro[S, incl]g if and only if mg({r) =1
and mp({r) =0 for P < S. O
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Proposition 2.4.6. Let {g € Ax(S,5) () be a right F-characteristic idempotent, and
let Xgr € A(S, H)(y) be right F-stable. Then Xg o &g = XRg.
Similarly, a left characteristic idempotent acts trivially on the left stable elements by

left-multiplication.

Proof. Since &g is a right F-characteristic idempotent, lemma says that mg(€g) = 1
and mp(ér) =0 for P < S. Since {p is F-generated and Xp is right F-stable, applying

lemma [2.4.4] gives us that

Xpoér = Z mp(€r) - (Xg o [P,incl]?) = Xg o [S,incl]3 = Xp. O
[PlseC(S)

Proposition 2.4.7 ([Rag06, Proposition 5.6]). A fusion system has at most one fully

characteristic idempotent.

Proof. Let Py, Py, ..., P, be representatives of the S-conjugacy classes of subgroups in
S; and choose the labeling such that

|Po| > |P1| > -+ > |Pyl.

In particular, Pp =S and P, = 1.

We then choose representatives (P, vio), (Pi, @i1), - - - » (Pi, pim,) of the (S, .S)-conju-
gacy classes [P}, ¢](g,5) With ¢ € F(P;,S), with the condition that y;0 = idp,. Then
(P, ¢i5), 0 <i <n, 0 < j < m;y, are a set of representatives for all classes [P, ¢](s ) with
¢ € F(P,S). The chosen ordering has the property that (P, ) 3 (D, i) implies

~

(S.9)
that either (k,1) = (i,7) or k > 1.

We wish to construct a system of linear equations (with one equation per pair (i, j),
0 <i<mnand0<j<m;) that any characteristic idempotent must satisfy, and show
that this system of equations has at most one solution. Assume that w € Ax(S,5),) is a
characteristic idempotent for F; we will then construct a system of equations determining
the coefficients ¢;; := c[pimj](w) for all ¢,j. Since w is F-generated, these coeflicients
determine w completely.

The element w is in particular a right characteristic idempotent, so by lemma [2.4.5
we have mg(w) =1 and mp(w) = 0 for P < S. We let equation (0,0) be

mo
E coj = 1
i=0

and the (i,0)-equation, when P; < S, is defined as the equation

m;
E Cij = 0.
J=0
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We also have that w is left F-stable, so lemma [2.3.8| says in particular that

q)[Pk74Pkl] (w) = (I)[Pk,id] (w)

for all k, 1. Define the numbers @f} = P(p, o1 ([P; @iz]), and let )\f} be given by

M = @i, ol ([Pis 0i3)) — @1pia) ([P, 03]) = @ — D7

Since ®(p, ,,,,1(w) = @(p, iq(w) we then get that

D N i = Py (W) — @p g @) =0

]

for all k,I. When 0 < k <n and 0 <[ < my, we therefore define the (k,[)-equation as
Z )\Zl . Cz'j =0.
12

Let M be the matrix for this system of equations, then the (kl,ij)-entry of this matrix
is given by
1 ifi=k,
Myo,i5 =
0 ifi#k;
and for [ # 0 by
Miij == A = ®F — o,

Let ¢ € @, Z(,) be the vector of the coefficients ¢;; of w, and let b € Py, Z,) be
the vector with bgg = 1 and by = 0 elsewhere. The system of equations can then be
rephrased as Mc¢ = b. If we can show that det M # 0, then there is a most one solution

¢, and thus at most one characteristic idempotent.

’N‘Pkl'wi]"
1P|
only if (Py,vr) < (Pi,ij). As remarked earlier, (P, on) 3 (P, i) implies that

(5,9) (5,9)

- |Cs(¢ri(Pr))| is non-zero if and

From lemma [2.1.12] we know that CI)Z@ =

either (k,l) = (i,7) or k > i; we therefore have that M is a lower triangular block matrix.
The i’th block on the diagonal of M is

1 1 1 1
—a;p a0 - 0 0 0
—a;0 0 a4 0 0 0
M; =
—a;ppg 0 0 Aj(m;—2) 0 0
—ap 0 0 --- 0 Qi(m;—1) 0
—a;p O 0 0 0 Qim,;

where a;; := @;g > 0.
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The determinant of M; is

det M; = ZHZ 0 0

which is positive since every a;; is positive. The determinant det M = [\, det M; is

then positive as well, in particular it is non-zero. O

Corollary 2.4.8. Suppose that w € Ay, (S, S)(p) is a characteristic idempotent for F,

then w is symmetric.

Proof. 1If w is a characteristic idempotent for F, then w°P is as well by lemma [2.4.1] By
uniqueness of characteristic idempotents (propos1t10n, it follows that WP = w. 0O

Observation 2.4.9. In [Rag06, Remark 5.8], Ragnarsson states that the system of
equations in the proof of proposition must be satisfied for all right F-characteristic
idempotents. This is false, since the equations (k,l) where [ # 0, originate from the left
F-stability of w, not the right stability.

If we replace the (k,0)-equation by the equation

Z Cij :mP’“(w) =0,

i, j such that
P =i (F)

then the resulting system of equations will in fact determine all left characteristic idem-
potents of F; and yes, there can be more than one of those (see section [2.5)).

Proposition 2.4.10. Let (P, ;) be a set of representatives for the conjugacy classes of
(S, S)-pairs (P, ) with p € F(P,S), where the representatives are ordered as in the proof
of proposition[2.4.7 Let M be a square matriz with one entry per pair of representatives
(Pr, pr1) and (Pi, i), such that My ;; is given by

L if P, = ¢i(Py),

0 otherwise;

MkO,ij =

and for 1 # 0 by

My = @rpy o) ([P i5]) — @rpia) ([P wijl)-

Then the left characteristic idempotents of F are precisely the

fL—ZCU 27802j GA]:(S S)()

such that Mc = b where b is the vector with byg = 1 and by = 0 otherwise.
A similar system of equations characterizes the right characteristic idempotents;

alternatively one can use the (—)°P-correspondence between left and right characteris-

tic idempotents (se lemma .
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Proof. An element X € A(S, S)(, is F-generated if and only if X can be written on the

form
X =) cij- [P i
i,

with ¢;; € Z(p).

Assuming X is F generated, then ®(p ;(X) = 0 for all ¢ ¢ F(P,S). The character-
ization of left F-stability of X given in lemma [2.3.8] can then be simplified to: X is left
F-stable if and only if

P(py)(X) = P(py(X)

for all ¢,1 € F(P,S) and P < S. This requirement can be simplified even further to

D(py)(X) = Pppig (X)

for all p € F(P,S) and P < S. The (k,l)-equation, with [ # 0, is

(I)[Pk#,ﬁkﬂ (X) = ¢[Pk7id] (X);

and since the (P, pp)-pairs represent all pairs (P, ¢) with ¢ € F(P,S) and P < S, it
follows that: X is left F-stable if and only if X satisfies all (k,)-equations with [ # 0.

The (k,0)-equation is just m*(X) = 0 for k > 0, and the (0,0)-equation is
m¥(X) = 1. If X is a left F-characteristic idempotent, then X satisfies the (k,0)-
equations by lemma

Assume conversely that X satisfies all (k,1)-equations, so X is in particular left
F-stable by the considerations above. The (0,0)-equation m%(X) = 1 ensures that
g(X) =1 (mod p) since e([P,¢]) = 0 (mod p) for P < S. We can therefore conclude
that X is left F-characteristic. All the (k, 0)-equations then imply that X is idempotent
thanks to lemma 2.4.5 O

Theorem 2.4.11. Every saturated fusion system has a characteristic idempotent

wr € A(S,8)p) — and it is unique by proposition .
The characteristic idempotent wr € A(S,S),) corresponds to the basis element

Bia(s,iay of A(F x Fs)(p) (see theorem ; and it satisfies

s
1l (@) = (7P 9]

for all P < S and ¢ € F(P,S).

Proof. As in the proof of theorem we consider a saturated fusion system on
S x S. This time though, we won’t use F x F. Let us instead consider the saturated

fusion system F X Fg on S x S, and we aim to apply lemma [1.6.5
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Let X € A(S x S)() be the class X := [A(S,id)]sxs corresponding to the biset
[S,id] € A(S,S)(p)- The F x Fg-subconjugates of A(S, id) are exactly the graphs A(P, @)
with P < S and p € F(P,S). We therefore have ®(z)(X) = 0 whenever H is not on the
form A(P, ) with ¢ € F(P,S) by lemma[1.1.5

We also remark that the F x Fg-conjugates of a graph A(P, ) with ¢ € F(P,S)
are the other graphs A(P’,4) with P’ ~g P and ¢ € F(P',S).

Using the collection

H={APp) <SxS|P<SpeF(PSy={H<SxS|H 3 AS,iid)},
FxFg

we are then able to use lemma for the saturated fusion system F x Fg, the collection
H and the element X € A(S x §),). Thus there exists an element X' € A(F x Fg) )
such that

(i) Q(X') = @(X) = 0 for all H < S x S not on the form A(P,¢) with
pe F(PS).

(ii) em(X') = e (X) = 0for all H < xS not on the form A(P, ) with ¢ € F(P,S);
and for all A(P,p) with ¢ € F(P,S), we have

> cia(pyp)(X') = > cla(py)) (X)-

[A(PY)]sxsCIAP)]FxFg [A(PY)]sxsCIAP)FxFg

(iii) For every H < § x S:

(X)) = ) |Wﬂ|¢W“X»
sClH)F T

By the proof of lemma m (and theorem [1.6.9)), property implies that X’ is in fact
the basis element Ba(siq) € A(F X Fs); hence we also have

b (Xl) _ |H0m.7:><.7:s(A(P7 QD),A(S, Zd))| : |S X S‘
(AP IA(S, id)| - [Homprry (A(P,¢), S x S),

(2.4)

for all P < S and ¢ € F(P,95).

The first part of (ii)| shows that X' € A(S x §),) is linear combination of elements
[A(P,p)]lsxs with ¢ € F(P,S). In particular X' is left free, so it corresponds to an
element wr € A(S,S)(p); and this element wz is F-generated. We have c(p ) (wr) =
ciape)(X') and @(p g (wr) = Pia(pyp)(X') by the correspondence between (S, S)-sets
and (S x S)-sets.



58 2.4 'THE CHARACTERISTIC IDEMPOTENT OF A FUSION SYSTEM

As a consequence of we have

ewr)= > cpywr) ([P )

[P#leC(S,5)
pEF(P,S)
S
= > aape(X)- ,‘p|
AP)sxs
pEF(P,S)

S
= > > care)(X) | - ||P||
[A(P,p)]

[Pls€C(S) sxsCIA(Pid)] Fx Fg

S|
= > ( > C[A(P,m(X))'P
[A(Pp)]

[P]s€C(S) sxsCIA(Pid)] Fx Fg

= ciagsia) ([AGSid)]) - 5 = 1.

Because X' is in A(F x Fg) () we get for all [Q,+] € C(S,S) and ¢ € F(¥Q, S) that

Pg.)(WrF) = LA (X') = Pa@Qeu)(X) = P py)(wr)

since A(Q, ) and A(Q, ¢v) are F x Fg-conjugate. By lemma this proves that
wr is left F-stable. We have thus proved that wr € A(S,5)(,) is a left characteristic
element for F.

We now consider the value of ®(p ) (wr), with ¢ € F(P,S), in more detail using
(2.4). First we remark that ®(p(wr) = ®(pq(wr) since wr is left F-stable; and then

Pip g (wr) = Piapiayn(X)
 [Homprry (A(P,id), A(S,id))| - |S x S|
= |A(S, id)| - [Homprre (A(P,id), S x )|’

The morphisms of Homzy 7, (A(P,id), S x S) are the pairs (¢, ¢s) where ¢ € Fg(P,S)
and ¢ € F(P,S), so

Homzy 7, (A(P,id), S x S)| = |Fs(P,S)|- | F(P,S5)].
The image of A(P,id) under a morphism (¢, ¢s) € Homgy 74 (A(P, id), S x S) is
(¢, ) (A(Pyid)) = {(¢(p),cs(p) | p € P} = AP o (c) 7).

This image lies in A(S,id) if and only if @ o (cs) ™! = idsp, i.e. if ¢ = ¢;. The number of
morphisms in Homgzy r, (A(P, id), A(S,id)) is therefore simply |Fs(P,S)|.
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Returning to the expression for ®(p;q(ws) we then have

b (g = FSRSNISxS s
i \CF) = A (S id)| - (1Fs (P 9] [F(P.8))  |F(P.9)]

which only depends on the F-conjugacy class of P. We conclude that for all (P, ¢), with
p € F(P,S), and (Q,v), with ¢ € F(Q, S), and such that P ~z @, we have

Dip g (wr) = Qg .y (wF).

In particular,
C1Qu)(WrF) = Plpqup-1)(wF)

for all [@, ] with 1, € F(Q,S). Recalling that ®|g y)(wr) = 0 when ¢ & F(Q,S),
lemma [2.3.8] says that wz is right F-stable as well.

We have proven that wr is fully F-characteristic, so it just remains to show that wr
is actually idempotent. Since wg is right F-characteristic, we can apply lemma
We therefore calculate mp(wr) for all P < S:

mpwr) = Y epg(wr)

[P,p]leC(S,S)
PEF(P,S)
= > cia(pe) (X)
[A(P#’)}SXSQ[A(P:id)]}'xFS
@)
= > cape)(X)

[A(Pp)lsxsCIA(Pid)] Fx Fg
0 for P < S,
cacsia([A(S,id)])) =1 for P=S;

so wgr is idempotent by lemma [2.4.5 O

Proposition 2.4.12. Let F; and Fy be saturated fusion systems over p-groups S1 and
Sy respectively, and let wy € A(S1,51)(p) and wa € A(S2,S82)(p) be the characteristic

idempotents. Then

A(fl, fg)(p) = W2 0 A(Sl, SQ)(p) o Wi

with basis elements ws o [P, ] o wy, one per class [P, ] € C(F1,F2).

The characteristic idempotent wg is a multiplicative identity of A(F,F)y). Further-
more, we have a category with the saturated fusion systems on p-groups as objects, the
modules A(F1,F2) ) as morphism sets, and the characteristic idempotents as identity

morphisms.
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Proof. Any element of wy o A(Sl,Sg)(p) o wy is left Fa-stable and right Fi-stable and
hence in A(F1, F2) ). Conversely, any element X € A(F1, F2)(,) satisfies

X =wyoXowy €wyo A(S1,52) ) o w1

by proposition [2.4.6

The basis of A(F1,F2)(p) follows from proposition

The defined category with morphism sets A(F7, fg)(p), has o as a well-defined com-
position (see definition ; and wy is the identity morphism of

A(.;E, f)(p) = WF o A(S, S)(p) CWwWr
because wr is an idempotent. O

Proposition 2.4.13. The ring of characteristic elements Ax(F,F) ) (see definition

satisfies
Ar(F, F)p) = wr o Ax (S, S)(p) owr.

It has a basis consisting of the elements wgr o [P,incl] o wg, one basis element per class
[Pl € C(F).
The characteristic elements of F are the elements X € Ar(F,F) () where the coef-

ficient of X at the basis element wr o [S,incl] o wr = wr is coprime to p.

Proof. Any element in wr o Ax(S,S )(p) owr is F-stable and a product of F-generated
elements (hence it is F-generated as well), so it is contained in Ax(F, F),).

Conversely, let X € Ax(F,F) ) Because X is F-stable, we then have

(»

X:wy:oXowawfoAy:(S,S)(p)owf

by proposition We conclude that Ax(F,F)@) = wr o Ax(S,S)p) o wr, and the
basis then follows from corollary

An element X € Ax(F,F)q) is F-characteristic if and only if ¢(X) # 0 (mod p).
Any basis element of Ax(F,F)) other than wr is on the form wg o [P, incl] o wzr, with
P < S; and consequently

e(wr o [P,incl] owr) = ([P, incl]) = 7= =0 (mod p).

So whether €(X) # 0 (mod p), depends only on the coefficient of X at the basis element
Wr. ]
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Remark 2.4.14. The characteristic idempotent for the minimal fusion system Fg, is
just [9,id]3.
The ring Ar,(Fg, Fs)

of the elements

(p) Of characteristic elements for Fg, then has a basis consisting

[S,id] o [P,incl] o [S,id] = [P, incl]

with one basis element per conjugacy class [P]g. Furthermore, the product of two basis

elements is given by

[P,incl] o [Q,incl] = Z QN PY ¢ = Z [P N YQ,incl].
yeP\S/Q yeP\S/Q
If we compare this to the double coset formula for the single Burnside ring A(S) ), we
see that Ary(Fs, Fs)p) = A(S)(p)-
Because the characteristic idempotent [S, zd}g is an element of the non-localized ring
A(S, S), we actually don’t need the p-localizations above; and Az, (Fg, Fs) = A(S) with
the basis element [P, incl] € Ar,(Fg, Fg) corresponding to [P] € A(S).

2.5 A fusion system with several left characteristic

idempotents

We consider the symmetric group Sy with the subgroup ((1 2 3 4), (1 4)(2 3)) of order 8
as a Sylow-2-subgroup. We denote the generators of the Sylow-subgroup by
D := (12 34) of order 4 and S := (1 4)(2 3) of order 2; we then have SD = D715, so
((1234),(14)(2 3)) is the dihedral group Dg. We let F be the saturated fusion system
Fpg(S4) where we identify Dg = ((1 2 3 4), (1 4)(2 3)) as described.

A particular subgroup of interest in Dg is V := (D?,S) = ((13)(2 4), (1 4)(2 3))
which is a copy of the Klein Four Group. The minimal fusion system Fp, contains
only 2 automorphisms of V: the identity, and the involution switching S «» D2S. In F
however, Autz(V) contains all 6 permutations of the three double-transpositions of Sj.
In particular, we have c(; ): V' — V mapping D? and S to each other.

We have two (Dsg, Dg)-conjugacy classes of pairs (V, ) with ¢ € F(V,Dg): One
class is the trivial one, [V, id]py p,) = {(V,id),(V,S < D2S)}. The other class is
[V, e 2)l(ps,ps) Which contains the remaining four pairs: (V¢ 9)) = (V, D? — 9),
(V,D* « D29), (V,D? — S+ D2S + D?) and (V, D? — D2S + S+ D?).

There are, in total, 11 different (Dsg, Dg)-conjugacy classes of pairs (P, ¢) with
P < Dg and ¢ € F(P, Dg):

[DSaid]a [V’id]’ [Vvvc(l 2)]7 [<D27DS>7id]’ [<D>’Zd]7
[<D2> 7id]7 [<D2> » (1 2)]7 [<S> ’id]’ [<S> » C(1 2)]7 [<DS> 7id]7 [17id]

We will use this ordering of the classes in the following.
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The homomorphism of marks for the F-generated elements of A(Ds, Dg)(9) is

®: Ar(Ds, Dg)2) — H L2y,

[Q,@[J}EC(DS,Dg)
YEF(Q,Ds)

which is given by the following 11 x 11-matrix M with entries ®(q ([P, ¢]) for pairs

of the 11 classes above. The rows and columns of M are ordered according to the list

earlier.
20 0 0 0 0 0 0 0 0 O
4 8 0 0 O O O O O O O
o 0 4 0 0O 0O 0O 0 0 0 O
4 0 0 8 0 O O O O O O
4 0 0 0 8 0O O O O O O
M=18 16 0 16 16 32 0 0 0 0 O
0o 0 8 0 0O O 16 0 0 0 O
4 8 4 0 0O O O 8 0 0 O
0 8 0 0 0 0 16 0 O
4 0 0O 0 0 0 0 8 0
8§ 16 16 16 16 32 32 32 32 32 64

By theorem [2.4.11} the F-characteristic idempotent wr is given by

D
®0r) = TG

If ¢ is the 11-dimensional vector in (Z))'! of coefficients ¢;p ) (wr) for wr, then finding

wx amounts to solving the equation Mc = b where

Luckily, this is easier than it might seem at first, and the solution is just
C = (]—7 _%7 %707070707070)0)0);

so we get

wr = [Ds,id] — [V, id] + 3[V,cq o))

We might calculate the system of equations in the proof of wx’s uniqueness (proposition
2.4.7) and see that we get the same solution, but we won’t do it here.
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We will however calculate the matrix describing the left characteristic idempotents
of F (see proposition [2.4.10). We get the following 11 x 11-matrix L:

1 0 0 O 0 0 0 0 0 0O
0 1 1 0 0 0 0 0 0 00
-4 -8 4 0 0 0 0 0 0 0O
0 0 0 1 0 0 0 0 0 00
0 0 0 O 1 0 0 0 0 00
L=10 0 0 O 0 1 0 0 1 00
-8 —-16 8 —-16 —-16 —-32 16 0 O O O
0 0 0 O 0 0 11 0 00
-4 -8 4 0 0 0 0 -8 16 0 O
0 0 0 O 0 0 0 0 0 10
0 0 0 O 0 0 0 0 0 01

The left F-characteristic idempotents are then the elements where the coefficient vector

c is a solution to Lc = e where e is the vector
e=(1,0,0,0,0,0,0,0,0,0,0).
Since wy is in particular a left characteristic idempotent, we already know a solution:
(1,-%,4,0,0,0,0,0,0,0,0).
It is also easily seen that the vector
k =(0,0,0,0,0,1,2,—2,—1,0,0)
is in the kernel of L. The vector k corresponds to the element
X = [(D?),id] +2[(D?) ,cq1 9] = 2[(S) ,id] = [(S) ,cr 9))-

Consequently X has the following properties: X is F-generated, X is left F-stable, and
mP(X) = 0 for all P < S (in particular £(X) = 0). Furthermore, wr + AX is a left
characteristic idempotent for F for all A € Z(y).

The saturated fusion system F therefore has more than one left characteristic idem-

potent — in fact, it has infinitely many.
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2.6 Fusion systems induced by characteristic elements

In this section, we will show that any left /right /fully characteristic element X¢€ A(S,S),)
for a fusion system F actually determines the fusion system uniquely. In particular, we
shall give methods of reconstructing the fusion system given a characteristic element.

It is however not all fusion systems that have a characteristic element; for at the end
we will see that the existence of a characteristic element for F actually implies that F
is saturated.

This section follows sections 5 and 6 of [RS09] closely.

The stabilizer fusion systems

Definition 2.6.1. Let X € A(S,S),).

(i) The right stabilizer fusion system of X is the fusion system RSt(X) on S with

morphism sets

HomRSt(X)(P7 Q) = {(P € IIIJ(P, Q) ’ Xo [Pv @]}g =Xo [P7 ’L?’LCZ]%}

(ii) The left stabilizer fusion system of X is the fusion system LSt(X) on S with

morphism sets
Homyg(x) (P, Q) = {¢ € j(P,Q) | [¢P, ¢ '§ 0 X = [P,idp]§ o X}.

(iii) The (full) stabilizer fusion system of X is the intersection St(X) := LSt(X) N
RSt(X).

These are actually fusion systems: Let us just consider RSt(X). All homomorphisms
induced by S-conjugation are in RSt(X) since [P, cs]p = [P,incl] for all P < S and
s € S. For all pairs of homomorphisms P 2 Q Y Rin RSt(X) we have

X o [Pygl? = X o [Q, 4] o [P,¢]? = X 0 [Q,incl]d o [P, ] P
= X o[P,¢|p = X o[P,incl]?

so RSt(X) is closed under composition of homomorphisms. Finally, for every

¢ € Hompggy(x) (P, Q) we have

XolpP, o '12p = X o [Pyincl]p o [P, o' p
= X o [P,g]p o [oP,¢ " |0p = X o [pP,incl) p;

so we get ¢! € Homgg;(x) (0P, P).
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Lemma 2.6.2. Let X € Ay.(S,5)). We then have
RSt(X) = LSt(X°P) and LSt(X) = RSt(X°P).
In particular, if X is symmetric, then

RSt(X) = LSt(X) = St(X).

Proof. This follows from lemmas [2.2.13| and [2.2.11}] Ul

Lemma 2.6.3. Let X € A(S,S)). Then the following hold:

(i) For all [Q,9] € C(S,S) and ¢ € Hompsy(x)(Q, S)
D104 (X) = Pg.pp-11(X).
(it) For all [Q,v] € C(S,S) and ¢ € Homygyx)(4Q, S)
D0,4(X) = Pl ) (X).

Proof. The result follows from lemma since X is right RSt(X)-stable and left
LSt(X)-stable per definition. O

The fixed-point and orbit-type (pre-)fusion systems

Definition 2.6.4. As pre-fusion system P on S is a family of sets
P(P,Q) = Homp(P,Q) € Inj(P, Q)

of injective group homomorphisms, for all P,Q < S. The only other condition that
P must satisfy, is that if ¢ € P(P,Q) and ¢(P) < R < S, then the composite
P ¢P — R is in P(P, R); i.e. we can freely extend and restrict the target of mor-
phisms. A pre-fusion system P is therefore determined by the sets P(P,S) for P < S.
There is however no requirement that P is a category, or even that it contains the

identity homomorphisms.

Definition 2.6.5. Let P be a pre-fusion system on S. The closure of P, written P, is
the smallest fusion system on S containing P; i.e. P is the intersection all fusion systems

containing P. We say that P is closed if P = P, i.e. if P is already a fusion system.

Definition 2.6.6. A pre-fusion system P on S is level-wise closed if the following holds
for all P,Q,R < S:
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(i) If ¢ € P(P,Q) is a group isomorphism, then ¢! € P(Q, P).
(iii) If ¢ € P(P,Q) and ¥ € P(Q, R) are group isomorphisms, then ¢¢ € P(P, R).

If a pre-fusion system P is level-wise closed as well af closed under restriction of ho-
momorphisms, then P is a fusion system. A level-wise closed pre-fusion system is thus
“almost” a fusion systems, and we can define some the same concepts.

When P is level-wise closed, the morphism set P(P, P) is a group for all P < S|
and we define Autp(P) := P(P, P). The concept of P-conjugacy (P ~p @ if they are
isomorphic by an isomorphism in P) is a well-defined equivalence relation; and we extend
the notions of fully normalized/centralized subgroups to this context.

We can therefore consider the saturation axioms for a level-wise closed pre-fusion

system.

Definition 2.6.7. A level-wise closed pre-fusion system P is saturated at P < S if the
following holds:

(i) If @ € [P]p is fully P-normalized, then @ is fully P-centralized and Autg(Q) is a
Sylow-p-subgroup of Autp(Q).

(i) If ¢ € P(P,S) with ¢P fully P-centralized, then ¢ extends to a homomorphism
® € P(N,, S) in the closure of P.

Definition 2.6.8. Let X € Ay.(S,5) )

(i) The orbit-type pre-fusion system of X is the pre-fusion system Pre-Orb(X) on S

with morphism sets

HomPrc—Orb(X) (Pu Q) = {90 € IHJ(P, Q) ’ ClPy] (X) 7é 0}
The orbit-type fusion system of X is the closure Orb(X) := Pre-Orb(X).

(ii) The fized-point pre-fusion system of X is the pre-fusion system Pre-Fix(X) on S

with morphism sets

Hompy pix(x) (P, Q) == {p € Inj(P, Q) | ®p,(X) # 0}.
The fized-point fusion system of X is the closure Fix(X) := Pre-Fix(X).

Remark 2.6.9. Both Pre-Orb(X) and Pre-Fix(X) are closed under pre- and post-
S-conjugation, since the (S,5)-conjugacy classes are unchanged: [P,¢]sg) =
[P?, ciipcs](s,s) for all s, € S and ¢ € Inj(P, S).

In particular when P is either of Pre-Orb(X) and Pre-Fix(X); S acts by post-
conjugation on the morphism sets P(P,S), so i makes sense to define Repp(P,S) =
Inn(S)\P(P,S).
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Lemma 2.6.10. For every X € Ay.(S,S),) we have Orb(X) = Fix(X).

Proof. Tt is enough to prove Pre-Orb(X) C Fix(X) and Pre-Fix(X) C Orb(X) since the
equality then follows by taking closure.
Suppose that ¢ € Homp,e.orm(x)(@Q,S) s0 cigu(X) # 0. Let [P,¢] be maximal

(under (S, S)-subconjugacy) with cjp(X) # 0 and (Q,v) 3 (P, ). By the maximal-
(5,5)
ity of [P, ¢| we get from lemma [2.1.12] that

Pipp)(X) = cipg(X) - Ppg) ([P, ¢]) # 0
so ¢ € Hompiy(x) (P, S). Because Fix(X) is a fusion system, and (Q,v) 3 (P, ¢), we

(8,9)
have 1) € Hompiy(x)(Q, S) (see remark .

Suppose now that ¢ € Homp,e pix(x)(Q, 5), 50 @[y (X) # 0. From lemma [2.1.12
we conclude that we must have cjp ) (X) # 0 for some (P, p) = (Q,%). It follows that

~

(8,9)
¢ € Homp,(x) (P, S) and then ¢ € Homg,,x) (@, S) as well. O

Lemma 2.6.11. Let X € Ap.(S,5) (). For every P < S and o € Inj(P, S) we then have
pE HomPre—Fix(X) (P7 S) if and only if 90_1 € HomPre—Fix(XOP) (QOP, S)
In particular, if Pre-Fix(X) is level-wise closed, then Pre-Fix(X°P) = Pre-Fix(X).

Proof. The result follows immediately from lemma [2.2.14 O

Congruence relations for Pre-Fix

Lemma 2.6.12. Let X € Ay.(S,5)) and let P < S. We also put P := Pre-Fix(X).
Recall that Pre-Fix(X) is closed under post-S-conjugation (see remark|[2.6.9).

(i) For each ¢ € P(P,S), the number ®(p,)(X) is divisible by |Cs(pP)|; and

Z P (X )‘EE(X) (mod p).

PERepp (P,S) | S<SOP>

(ii) Let [P]p be the set of Q < S where Q = @P for some ¢ € P(P,S); then [Plp is
closed under S-conjugation (remark|2.6.9 .

For every Q € [Plp, the number }_ cp(po) P(py(X) is divisible by [NsQ)|; and

Z > pep(PQ) Pipp) (X)
INsQ|

=e(X) (mod p).
[QlsCS[Pl»

Be aware that taking sums over @ € Repp(P,S) is not the same as taking sums over
[P, ¢l(s,5) with ¢ € P(P,S). If for instance p1 = g o cs for some s € NgP, then
[P, 1] = [P, ¢2] even though we might have @1 # P3.
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Proof. Tt is sufficient to consider the case where X is an (.S, .S)-set, since the general case
then follows by linearity.

To distinguish the two S-actions, we regard X as a (51, S2)-biset (with S; = Sp = 5).
The set of Sy-orbits So\ X is then an Si-set, and we let 7: X — S5\ X be the projection
(which preserves the Si-action).

Let Xo € X be the pre-image Xy := 7 !((S2\X)F), then X, is a left-free
(P, Sy)-set. Furthermore we have 7w(zp) = w(z) for all z € Xy and p € P, so for
every x € Xo and p € P there is a 6,(p) € Sy such that 6,(p)x = xp; and 0,(p) is
unique since So acts freely. Because xpp’ = 0, (p)zp’ = 0,.(p)0.(p')x, it even follows that
0, is a group homomorphism 6,: P — Ss.

We thus get a map 6: Xg — Hom(P, S2) by = — 6,. A pre-image 0~'(y) consists
of the 2 € X with ¢(p)z = zp for all p € P, which are just the z € (Xo)%). Since
every £ € X(P%) has 7w(z) € (S2\X)P, it follows that 671 (p) = (Xo)P¥) = X)) In
particular, if 671(p) # 0 then ¢ is injective (since X is bifree), and we then furthermore
have ¢ € P(P,S2) by the definition of P = Pre-Fix(X). We conclude that 6 is in fact a
map 0: Xg — P(P,S2)

The pre-images are a partition of Xg, so we have

| Xo| = Z 1071 (p)| = Z Dp ) (X).

For s € Sz, z € Xo and p € P we have (sz) - p = (s0,(p)s~!) - (sx); hence 05, = cs 0 0,.
The map 6: Xo — P(P,S2) therefore preserves the Ss-action, hence 6 induces a map
0: S\ Xo — Repp(P, S2).

Let im: P(P,S2) — [P]p be the surjective map sending ¢ to its image in Sy. This
induces a surjective map im: Repp(P, S2) — W where W is the set of Sa-conjugacy
classes [Q]s, where Q € [P]p. These maps fit into a commutative diagram:

Xy — (P Ssy) — |

Plp
O
52\ Xo Ip

Repp (P, S2) LN [P

We now separate the parts|(i)| and of the lemma.

The orbit of ¢ € P(P,S2) under the Ss-action contains |Ss : Cs,(¢P)| distinct
homomorphisms. Each ¢’ with ¢’ = 3, is Sy-conjugate to ¢, so [P, ¢'](s, s,) = [P: ¢](51,55)
and ®(pn(X) = p,(X). We therefore have

(x06) ' (7)] = ms’f(jo’m@[p,mxy
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Since Sy acts freely on Xg, we get

(0 0)~ ()] _ Py (X)
S, Cs, (pP)|

77 )| =

In particular |Cg,(¢P)| divides ®(p)(X). When we add the sizes of the pre-images

of @, we obtain

Z Ppy (X) _ Z 5_1(@ =[S0\ Xo

serepn(rs) O PN o w e
= ‘(SO\X)P| = |15\X| =¢(X) (mod p).

A conjugacy class [Q]s, € [P]p contains |Ss : Ng, Q| distinct subgroups. For each
Q* € [Q]s,, s € S2, we have

|(imo 6)~H(Q%)| = Z 071 (v)] = Z Dpy)(X)

YEP(P,Q*) YEP(P,Q%)
= D Cpy(X)= Y Ppep) = Y Ppy(X),
csYEP(P,Q) csYEP(P,Q) PpEP(P,Q)

which is independent of Q* € [Q]s,. It follows that

S
\<mimoe>1([@152»:&52'@ 2 T
2% 0eP(PQ)

and in S\ Xo:

(moimo 9)_1([62]52)‘ _ > pep(PQ) PPyl (X)
|5, ] |Ns, Q| '

In particular, [Ng,Q| divides Y- cp(p o) Ppy)(X). Furthermore, we again use that

(im0 0)~1([Qls,)| = |

S5\ X is the disjoint union of the pre-images (im o ) ~1([Q]s,):

Z > pep(Pq) PPy (X)
‘NSQQ‘

= [92\Xo| =&(X) (mod p). O
[Qls, C[Plp

Lemma 2.6.13. Let X € Ay, (S,5),) with e(X) # 0 (mod p), and let P < S. We also
put P := Pre-Fix(X). Assume that for all p,» € P(P,S) we have ®(p ,(X) = @(py(X).

As in lemma [2.6.14(7i) we let [Plp be the set of Q@ < S where Q = @P for some
p e P(P,S).

(i) For all ¢ € P(P,S), it holds that ¢(P) is fully centralized among the Q € [Plp if
and only if
q)[P,cp} (X)

Cs(ep) 7 0 (modp)
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(ii) Suppose that P is levelwise closed. For all p € P(P,S) we then have
> Bppy(X) = [Autp(P)] - @p (X)),
YEP(PpP)
and o(P) is fully P-normalized is and only if
[Autp (P)[ - @(py)(X)
[Ns(P)|

Proof. By assumption there is a k € Zy,) such that ®(p,(X) = k for all p € P(P,S).
(1); From lemma [2.6.12(1)| we then have

#0 (mod p).

k
Y. mp =e(X)#0 (mod p);
P
peripp(ps) (C5PP)

and it follows that p 1 m for some ¢ € P(P,S). Since |Cs(¢P)| is thus the largest
power of p dividing k, we conclude that ¢ P must be fully centralized among the @ € [P]p;
and any Q' € [P]p is fully centralized if and only if p { %

Since P is level-wise closed (see [2.6.6), Autp(P) acts freely and transitively on
P(P,pP) when ¢ € P(P,S), hence |P(P,¢P)| = |Autp(P)| for all ¢ € P(P,S). For

every ¢ € P(P,S) we then get

> Opy(X) =|P(P,¢P)|- k= |Autp(P)| - k = [Autp(P)| - B(py(X).
YEP(PpP)

From lemma we have
. o X
3 Autp(P)| -k _ 3 2perp@) P1rg(X) S(X) £0

= (mod p).
N N
Qe 1NVsQl QlsCPlp INs @l
We conclude that Autp(P)| - k
utp .
—————— %0 (mod p),
Nsq 70 tmed?)

for some @ € [P]p. Since |[NgQ)| is thus the greatest power of p dividing |Autp(P)| - k,
we conclude that @ must be fully P-normalized; and any Q" € [P]p is fully normalized

if and only if
[Autp(P)| -

0 (mod p). d
s 70 tmedy)
Recovering F from a characteristic element

Lemma 2.6.14. An element X € Ay (S,9)q) with ¢(X) # 0 (mod p), is right
F-characteristic if and only if

Pre-Orb(X) C F C RSt(X).

Similar results hold for left and fully characteristic elements.
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Proof. The condition Pre-Orb(X) C F is equivalent to X being F-generated, and
F C RSt(X) is equivalent to X being right F-stable. O

Proposition 2.6.15. If X € Ay.(S,95) ) is a right characteristic element for F, then
RSt(X) = F. Analogous results hold for left and fully characteristic elements.

Proof. Assume that P < S and ¢: P — S is not a morphism of F(P,S). Then
(P,incl) and (P,¢) are not (Fp,F)-conjugate (P,S)-pairs. By proposition
it then follows that X o [P,incl]y and X o [P,¢]3 are different basis elements of
X 0 A(P,S) ) o [P,id]} since X is right F-characteristic, and [P, id]} is left Fp-charac-
teristic. Since X o [P, ’mcl]ls; and X o [P, cp]jqj are linearly independent (hence non-equal),
we conclude that ¢ ¢ Homggy(x) (P, ).

This proves RSt(X) C F, and we already have the other inclusion from lemma

2.6.14 O

Proposition 2.6.16. If X € A;.(S,S),) is a right or left characteristic element for F,
then
Pre-Fix(X) = Fix(X) = Orb(X) = F.

Proof. We already have Pre-Fix(X) C Fix(X) = Orb(X) by lemma and
Orb(X) C F by taking the closure of lemma We therefore only have to show
F C Pre-Fix(X), i.e. that ®(p ,(X) # 0 for all ¢ € F(P,S5).
Consider the left characteristic case. Since X is then in particular left F-stable,
lemma says that ®(p 1(X) = ®py(X) for all P < S and ¢,9 € F(P,S).
Lemma says that

P X
Z W =¢(X) (mod p).
EeRepPre—Fix(X) (P’S) S ('0

Because €(X) # 0 (mod p) since X is characteristic, we conclude that ®p(X) # 0
for some ¢ € Hompepix(x)(P;S) € F(P,S). For all other ¢ € F(P,S) we then get
Dpy)(X) = @p,(X) # 0, and we therefore have F (P, S) C Homp,e pix(x) (P S). This
proves F' C Pre-Fix(X) in the left characteristic case.

If X is right characteristic, then X°P is left characteristic, so Pre-Fix(X°P) = F. In
particular, Pre-Fix(X°P) is level-wise closed, hence Pre-Fix(X) = Pre-Fix(X°P) = F by
lemma 2.6.17] O

Remark 2.6.17. Proposition shows how to recover a fusion system F from a
left /right /fully characteristic element X: The pre-fusion system Pre-Fix(X) defined from
X always returns F, not depending on whether X is right or left characteristic. In par-
ticular, an element X € Ay.(S,S)(,) cannot be a left/right /fully characteristic element

for more than one fusion system.
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Remark 2.6.18. It is generally not true that Pre-Orb(X) = F when X is F-characte-
ristic. The fusion system Fg has [S,id]3 as a characteristic element, and Pre-Orb([S, id])

is a pre-fusion system containing only one morphism — the identity on S.

Corollary 2.6.19. Let X € A (S, 5) () with e(X) # 0 (mod p).
If Pre-Fix(X) C RSt(X) or Pre-Orb(X) C RSt(X), then X is a right characteristic
element for RSt(X), and
Pre-Fix(X) = Fix(X) = Orb(X) = RSt(X).
The similar results hold for left and fully characteristic elements.
Proof. The two conditions are equivalent since taking closure of either gives
Fix(X) = Orb(X) C RSt(X)

by lemma

Assuming Pre-Orb(X) C RSt(X), we get that X is a right RSt(X)-characteristic
element from lemma since RSt(X) is always a fusion system. The equalities then
follow from proposition [2.6.16] O

Characteristic elements imply saturation

Proposition 2.6.20. Let X € Ay.(S,5)p) with e(X) # 0 (mod p), and such that
P := Pre-Fix(X) is level-wise closed.

If P < S satisfies that ®(p,(X) = @(py(X) for all ¢, € P(P,S), then P is
saturated at P.

Proof. Let ¢ € P(P,S) with ¢(P) fully normalized. Lemma [2.6.13{(i1)| gives
|Autp(oP)| Ppy(X)  [Autp(pP)] - @(py(X)
pP) |

. = 0 (mod p).
Auts(@P)|  [Cs(oP) Naep) 70 (med?)
The fraction % is an integer since Autg(¢P) is a subgroup of Autp(pP); and
T(Ef;’z’?ogf € Zp) since |Cs(pP)| divides ®p(X) by lemma [2.6.12(i), We therefore con-
clude that
[Autp(oP)] Ppy)(X)
Rus(ep)] 70 Mo P)and o opy 70 medp)

The first congruence shows that Autg(¢P) € Syl,(Autp(eP)), and the second congru-

ence says that ¢P is fully centralized by lemma [2.6.13(1)]
For the second saturation condition, we assume that ¢ € P(P,S) with ¢(P) fully

centralized. We have

INg.y|
(X)) = Y. couX)Ppg(@Y) = D couX) |5|¢ |Cs(oP)]
[Q.]eC(S,S) [Q.]€C(S,S)
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by lemma [2.1.12) and from remark [2.1.13| we know that each ’]\(gﬁ’ | is an integer.

TC[‘Z@(;\) # 0 (mod p) by lemma 2.6.13'(1) there exists a (.5,.5)-pair (Q,1) with

N,
Q] (X) # 0 and | @wl Z 0 (mod p).

Remark [2.1.13| describes N, 4, as a bifree (N, Ny)-set, so in particular Q\N, 4 is a
right N -set (since @@ < Ny,). Since N, is a p-group, we have

Since

[(Q\Ny,p) 2| = |Q\Npp| 20 (mod p);

hence there exists a x € N, such that the orbit Qz € Q\ N,y is fixed under the action
of N, by right multiplication. This means that for every g € N, there exists ¢ € Q
such that zg = gz, i.e. (N,) < Q. By definition of N, there is a y € S such that

¢y o =1 oc, as maps P — S; and we now define
-1
7N, = Q Ly s,
The homomorphism restrict to P as

2(p) = ()" (W(cz(p)) = (ey) " ey(9(P))) = ¢(p)

for p € P, so ¢: N, — S is an extension of ¢.
Finally c|g 4 (X) # 0 implies that ¢» € Pre-Orb(Q, S) and we therefore have

¢ € Orb(N,, S) = Fix(N,, S) = P(N,, 5). O

Theorem 2.6.21. If a fusion system F on S has a left/right/fully characteristic ele-

ment, then F is saturated.

Proof. Let X € Ay,.(S,S) be a left/right/fully characteristic element for F. Either X
or X°P is then a left characteristic element by lemma Assume that X is left
characteristic.

By proposition we have F = Pre-Fix(X). Since X is left-stable we have
Py (X) = @[py)(X) for all P < S and ¢,? € Homp,e pig(x) (P, S) from lemma
Proposition then tells us that F = Pre-Fix(X) is saturated at all P < S. O

Observation 2.6.22. Theorem [2.4.11] proposition [2.6.16] and theorem [2.6.21] together

show that there is a one-to-one correspondence between saturated fusion systems on a
p-group S and the idempotents in A(S, S)(p) that are fully characteristic elements for
some fusion system.

In [RS09], Ragnarsson and Stancu show that an idempotent X € A(S,S9)(,) is a
characteristic element for a fusion system if and only if ¢(X) = 1 and X satisfies a

Frobenius reciprocity relation:
(X x X)o[S,A]3*% = (X x 1) 0 [S,A]9 0 X € A(S, S x S)(p).- (2.5)

Consequently there is a one-to-one correspondence between saturated fusion systems on
S and idempotents in A(S, S),) satisfying (2.5) and having augmentation 1.
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Notation

A The Burnside category. ........o.iuiniiite

Acnt(F)  The centric Burnside A" (F) := A(F)/AT(F). o ooiiiiiiiniaiiin.

A(F)  The Burnside ring of the fusion system F. ...

A(G) The Burnside ring of the group G. ... ..o

A(G;p) The p-subgroup Burnside ring of the group G. .......................... |§|

e O T
The non-F-centric ideal A~ (F) := Q eent(F) N A(F) < A(F).

A(S) The Burnside ring of the p-group S. ... ... ... i

AF (P Q) oo
The submodule of A(P,Q), for P,Q < S, consisting of the F-generated elements.

Apr(GoH) o
The submodule of A(G, H) generated by the bifree bisets.

A (S1,80) o
The submodule of A(S7,S2) generated by the bifree bisets.

T o

The Burnside module of F; and F», consisting of the right Fi-stable, left Fs-stable
elements in A(S1,S2).

A(G,H) The Burnside module of G and H. ................ ...,
A(S1,52) The Burnside module of S; and So. ...

Oé[P] ............................................................................... E

The basis element of A(F) corresponding to [P|r € C(F).
Autz(P)  The group of F-automorphisms of P. ..........coiiiiiiiiiiiiiiiin....

,B[p] ...............................................................................
The basis element of A(F)(,) corresponding to [P]r € C(F). The element has

P11 (Brpy) = %

C"t(F)  The set of F-centric F-conjugacy classes [P]r. ..........cooiiiiiiii.
C(F) The set of F-conjugacy classes [P]r with P < S. ... ... ..o,
C(G) The set of G-conjugacy classes [H]g with H < G. ...............coo...
C(G;p) The set of conjugation classes of p-subgroups in G. ...................... |§|
Ceent(F)  The set of non-F-centric F-conjugacy classes [P]F. .....ovviinnaiin..
C(S) The set of S-conjugacy classes [P]g with P < S. ... ... ..o,
O R 2
The set of (Fi, F2)-conjugacy classes of (51, S2)-pairs.
C(G,H) The set of (G, H)-conjugacy classes of (G, H)-pairs. ...................
O (51, 52 ettt

The set of (S, S2)-conjugacy classes of (51, S2)-pairs.

For X € A(G), ¢i(X) is the [H]-coefficient of X when written in the standard
basis of A(G).



NOTATION 75

C[K,cp] ............................................................................. @

For X € A(G,H), ck,,(X) is the [K,p]-coefficient of X when written in the
standard basis of A(G, H).

P~r@Q Pis F-conjugate t0 Q. ...ttt 2]

Pr~g @ Pis S-conjugate to Q. ... 2]

Pro) o (Qu0) o 41]

(P) o~ Q) il
The (51, S2)-pairs (P, ¢) and (Q, ) are (Fi, F2)-conjugate.

K Loth) oo 34]

(K@) iy (o) P
The (G, H)-pairs (K, ¢) and (L,) are (G, H)-conjugate.

(P, p) (0

(51 S2)

The (51, S2)-pairs (P, ¢) and (Q, ) are (S1, S2)-conjugate.

34
A D) ot
The graph of the (G, H)-pair (K, ¢), i.e. A(K, ) = {(pk,k) | k € K}.

AP, D) ot
The graph of the (S1, S2)-pair (P, ¢), i.e. A(P,¢) = {(¢p,p) | p € P}.

¢ The augmentation homomorphism e: A(G,H) = Z. ...,

F A fusion system on a p-group S. ...ttt

F(P,Q) The set of (homo)morphisms in F from P to Q. ...............c..ooo... 1]

Fs  Shorthand for Fg(S), the minimal fusion system on S. ...................... 1]

Fs( Q) o 1]

The (saturated) fusion system on S induced by G-conjugation, where S € Syl,(G).

f.n.  Short for “fully normalized”. ....... ... . .
fumy - The [H]-coordinate of f € [[igjeciayZ- - vvovveeei 4
22 TS 2 3
The basis element of A(G) corresponding to the conjugacy class [H] € C(G).
[H]a, [H] The set of G-conjugates of H. ........ ... ...,
2 T 1 2 )

The basis element of A(G, H) corresponding to the (G, H)-pair (K, ). The corre-
sponding H x G-set is (H x G)/A(K, ).

[K,(p](ng), [K,tp] ................................................................
The conjugacy class of the (G, H)-pair (K, ¢).

LSt(X) The left stabilizer fusion system of X € A(S,5)(p) «vvvvvvvvvvvvniiiii..

N 0
For p € F(P,S), Ny :=={z € Ng(P) |Jy € S: pocy =cy0p}.

O et e e e e e 317
The composition o: A(H,K) x A(G,H) — A(G,K) givenby Yo X :=Y xz X on
bisets.

(0 (T
The obstruction group characterizing the image of A" (F) < Qeent(F).

OBS(F ) e
The obstruction group characterizing the image of A(F) — Q(F).

ObS(G) oo P
The obstruction group characterizing the image of A(G) — Q(G).

ODBS(GP)(p) v ettt ettt ettt

The obstruction group characterizing the image of A(G;p)(,) — Q(G; p) ()"
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O () e PR
The obstruction group characterizing the image of A" (F) < Q¢ (F).

ObS(1S) e P

_ The obstruction group characterizing the image of A(S) — Q(S).

Q™ (F)  The quotient ring Q(F)/Q " (F). ... 26

Q(F)  The product ring [Jigiecm) Ze - vovvemeeee 12

Q(G)  The product ring Himec@) Z: - ovvoeee 4

Q(G;p) The product ring Himec@p Z: - oo 6

(fcent(f) The ideal [jgieccent(m) Z < UF). oo 26

Q(S)  The product ring [Tigiec(sy Z: -+ vvovvrer 4

W et et ai oot onoetototototososasasususuossnsnsnsasasosossetototosososssasasassonssns
The unique characteristic idempotent for the saturated fusion system F.

[P]r, [P] The set of F-conjugates of P. ...... ... ... i,

[P, [P ce et
The basis element of A(S) corresponding to the conjugacy class [P] € C(5).

[P]s, [P] The set of S-conjugates of P. ... ... .. i

[P,QO](]:LJ:Q) .......................................................................
The (F1, F2)-conjugacy class of the (S1,.52)-pair (P, ¢).

P, @102, [P ] e

The basis element of A(S7,S2) corresponding to the (S, S2)-pair (P, ). The cor-
responding Sz x Si-set is (S2 x S2)/A(P, ).

[P’SO](Sl,S2)7 [P, (p] ................................................................
The conjugacy class of the (S, S2)-pair (P, ¢).

DO B F
The mark-homomorphism ®: A(G) — Q(G) given by @k ([H]) = |(G/H)¥|.
By PUHL ot
The ring-homomorphism ®(g;: A(G) — Z given by @(z)(X) := ’XH’ on G-sets.
BOP. B 6]

The mark-homomorphism for A(G;p); ®: A(G;p) — Q(G;p) given by i ([P]) =
‘(G/P)Q‘ for p-subgroups P, Q < G.

(b[K790] ............................................................................. @
The module homomorphism ®(x ): A(G, H) — Z given by @[k ,(X) = ‘X(K’*" ‘
on bisets.

N R
The mark-homomorphism ®: A(S) < Q(S) given by i ([P]) = ‘(S/P)Q‘.
Pre-Fix(X) The fixed-point pre-fusion system of X. ........................ ... @
Pre-Orb(X)  The orbit-type pre-fusion system of X. ................ ..., 66
UF W The surjection W: A(F) — OBS(F). oo 15
U% W The surjection ¥9: (NZ(G)~—> Obs(G). oo 5
\I/(C;;)p, Yy  The surjection \IIN(p): Q(G;p)(p) — Obs(G3D)(p): +oovrvrrvineaeenn 7
TS U The surjection ¥%: Q(S) — ObS(S). .vvviiiiiii 5
RSt(X)  The right stabilizer fusion system of X € A(S,8)p) «vvvvviiieiiiiiii, 64
St(X)  The full stabilizer fusion system of X € A(S,.8)p) «vvvvvvvvvvriiiiiiin. 64
P ZrQ Pis F-subconjugate to Q. ..ottt 2
P =25 @Q Pis S-subconjugate to Q. ........... i



NOTATION i

(Py0) 3 (@) oot 41
(F1,72) ||
The (S1, S2)-pair (P, p) is (F1, Fe)-subconjugate to (Q, ).
(KG@) 2D (L) et 34
(G.H)
The pair (K, ¢) is (G, H)-subconjugate to (L, ). -
(Py0) 2 Q1) oot 34
(51,52) L |
The pair (P, ¢) is (51, S2)-subconjugate to (Q,1)).
WeH  The quotient group WoH := NgH/H. ..., E
(WeQ)p A Sylow-p-subgroup of W@ for a p-subgroup Q < G. .................. |z
[We@Ql, The order of a Sylow-p-subgroup of Wg@Q. ..., 7
XE®) The set of A(K, p)-fixed-points of the (G, H)-set X. ..............c.o.... 35
3, 0 39

The element X°P € Ay,.(H,G), corresponding to the bifree element X € A, (G, H).
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